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Abstract. Improving the precision of numerical calculation of double-decker bearing is the basis of 
exploring its potential application value. This paper takes double-decker bearing as the research object, a 
modified quasi-statics model of double-decker bearing was established by considering the influence of the 
centrifugal expansion of the inner and middle ring of double-decker bearing at high speed and solve it with 
soft of Matlab. The influence of centrifugal expansion on the contact angle of the double-decker bearing 
was analyzed. The results show that the centrifugal expansion caused by the inner ring and middle ring 
under high speed can not be ignored, and the centrifugal expansion has a greater influence on the contact 
angle of inner bearing than that of outer bearing. The influence of centrifugal expansion on the dynamic 
properties of different materials is different, and the change of contact angle caused by ceramic as the inner 
ring and middle ring is greater than that of steel. It provides the basis for more accurate numerical analysis 
and design of the double-decker bearing.   

1 Introduction 

Rolling bearings are the core parts of the reliable 
operation of mechanical equipment. To further improve 
the performance of bearings, explore the potential 
application value of bearings, Har Prashad proposed the 
concept of double-decker rolling bearings in 2001[1]. 
Since its introduction, some scholars have done some 
research on numerical analysis. In 2004, Har Prashad 
regarded the double-decker bearing as a single-layer 
rolling bearing with some equivalent pitch diameter and 
equivalent ball diameter [2]. In 2014, Chengtao Yu 
analyzed the mechanical properties of the “Z” type of 
double-decker ball bearing based on Hertz basic theory 
and safe contact angle theory [3]. In 2016, Yili Zhu 
proposed a new type of “I” bearing in the prototype of 
double-decker bearing and themechanical model is 
established [4]. With the increasing demand for the 
strength, reliability and precision of the double-decker 
bearing, it is of great significance to predict its dynamic 
performance more accurately and practically.   

Centrifugal expansion is a phenomenon that with the 
increase of rotating speed and the action of centrifugal 
force, the stress inside the parts will be redistributed and 
elastic expansion deformation occurs. Centrifugal 
expansion can change the contact state of the bearing, 
which affects the dynamic performance of the bearing. In 
recent years, many scholars have paid attention to the 
factors of centrifugal expansion and conducted relevant 
researches. In 2004, Hongqi Li proposed an integrated 
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thermodynamic model applicable to various high-speed 
spindles and considered the influencing factors of 
centrifugal expansion rate [5]. In 2012, Hongrui Cao 
studied the effect of centrifugal expansion on the 
dynamic performance of single-layer bearings [6]. In 
2014, Aleksandar Zivkovic established a thermal-
mechanical model of the angular contact ball bearing 
spindle, in which the quasi-static model considered the 
centrifugal expansion rate, and discussed the influence of 
the predicted temperature distribution of the spindle on 
its static characteristics and the influence of the thermal 
expansion of the spindle on the machining accuracy[7]. 
Compared with single-layer bearing, the numerical 
analysis of double-decker bearing is less, and the factor 
of centrifugal expansion is not considered. The 
improvement of the precision of the numerical analysis 
model is of great significance to the study of its potential 
application value. 

In this paper, considering the factor of centrifugal 
expansion, a modified quasi-static model of double-
decker bearing is established. The influence of the 
contact angle on the double-decker bearing model is 
shown here. 

2 Analysis of centrifugal expansion  
The width of the inner ring of the ball bearing is usually 
much smaller than the diameter. The inner ring of the 
bearing can be regarded as a hollow ring. Meanwhile, it 
is assumed that the temperature of the ring is ax 
symmetric and evenly distributed in an axial direction. In 
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the cylindrical coordinate system, the equilibrium 
relation of the ring is as follows: 
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Where, aσ is the radial stress component, bσ is the 
tangential stress component, R  is the radius of bearing 
inner ring, ω  is the rate of angular motion； ρ  is the 
density of inner ring material. 

The constitutive equation of elasticity and the 
geometric relation is： 
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Where,ς  is the elastic deformation. 

Represents the coordination relation of the stress 
component as follows: 
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At high speed, the radial expansion displacement of 
the bearing inner ring is[7][8]： 

  
2 2 2(3 ) (1 )R m i md D d vψ ρω ν = + + −       (4) 

Where, md  is the pitch diameter, iD  is the inner 
diameter, v  is the Poisson ratio. 

3 Quasi-static m odel of  double-decker 
bearing and its modification 

3.1 Quasi-static model 

The double-decker ball bearing is composed of two layers of 
the ball bearing. Its relevant geometric parameters are shown in 
Fig. 1. The geometric relationship is shown in formula (5)-
(12)[9]. 

3.1.1 Deformation coordinate condition 

 

(a)The Deformation coordinate condition of inner ball bearing 

(b)The Deformation coordinate condition of outer ball bearing 

Fig.1. The position relation diagram of ball center and 
curvature center of the raceway in double-decker bearing 
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Where, 0iα , 0oα  is the initial contact angle; imϕ , onϕ  
is the ball position angle; or∆ , oa∆  is the radial and the 
axial clearance; 1o nλ , 2o nλ , 1i mλ , 2i mλ  is the contact 
deformation； iaλ , oaλ , irλ , orλ  is the axial and the radial 
displacement; iX , oX is the distance between the centre 
of curvature and the raceway; 1i mB , 2i mB  is the radial 
projection; 1i mA , 2i mA  is the axial projection; 1o nA , 1o nB  is 
the axial and radial projections between the curvature 
centre of the inner and outer rings of double-decker 
bearing inner bearing after loading; 1i mα , 1o nα , 2i mα , 2o nα  
is the inner contact angle. 

3.1.2 Force equilibrium equation 

The force diagram of the double-decker bearing is shown 
in Fig. 2. The analysis model is similar to that of the 
single-layer bearing. The difference lies in the mid-ring 
equilibrium formula and the speed distribution between 
the inner ring and the mid-ring. The relation between 
inner and middle rotation speeds is shown in formula 
(13). Assuming that the bearing is affected by axial and 
radial forces. The force balance equation of the middle 
ring is shown in formula (14)-(15). 
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Fig. 2. The force diagram of double-decker bearing 
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Where, ipD , opD  is the pitch diameter of double-decker 
bearing; in  is the speed of inner ring; mn is the speed of 
middle ring; 1o nQ , 2o nQ , 1i mQ , 2i mQ is the contact 
force; imF , onF is the centrifugal force; bρ is the density of 
the ball; ibD , obD is the diameter of double-decker 
bearing; ipω , opω is the angular velocity; ξ is the 
coefficient guide. 

4 Modified to the quasi statics model for 
double-decker bearing 
Taking the centrifugal expansion into consideration, the 
modified quasi-static model is established. The 
difference lies in the change of the deformation 
coordination relationship, and the formula is shown in 
(18)-(19). The Newton-Raphson method is used to solve 
nonlinear equations in the soft of Matlab. 

( )1 0 1cos cos +i m i i or or im RB X α λ ϕ ψ= + − ∆   (18) 

( )1 0 2cos cos +o n o o or or on RB X α λ ϕ ψ= + − ∆  (19) 

5 Results and discussion  

5.1 Bearing type selection 

The double-decker ball bearing is designated as 71901C 
and 71905C, and the specific parameters are shown in 
Table 1. 
 
 
 
 
 

Table 1. The parameters of the double-decker bearing
 

Parameter  
Value 

71901C 71905C 
Diameter of ball  

(mm)  3 4.25 

Initial contact 
angle (°) 15 15 

Number of ball  17 21 
Groove curvature 

coefficients of 
inner raceway 

0.515 0.525 

Groove curvature 
coefficients of 
outer raceway  

0.515 0.525 

 pitch diameter 
(mm) 18 33.5 

5.2 Results analysis and comparison 

The Fig.3 and Fig.4 are shown the comparison of the 
change of the inner and outer contact angle in the inner 
bearing of double-decker bearing, as can be seen from 
the figures, the contact angle of considering centrifugal 
expansion is decreased compared to the original model. 
With the increase of rotational speed, the expansion of 
the centrifugal change gradually increase, this is because, 
with the increase of rotational speed, the centrifugal 
force of a ball is increased, the inner ring produced the 
radial deformation due to internal stress redistribution, 
which can lead to deformation of bearing internal 
coordination changed, and affect the dynamic 
performance of a bearing.  With the increase of rotation 
speed, the amplitude of variation is larger. The influence 
of centrifugal expansion on the outer contact angle of 
inner bearing is greater than that of the inner contact 
angle. This is because the structural characteristics of the 
double-decker bearing, which has the function of the 
middle ring, the dynamic characteristics of the outer 
bearing will also make the contact angle change. 

The Fig.5 and Fig.6 is the comparison of the change 
of the inner and outer contact angle in the outer bearing 
of double-decker bearing, as the figure shows, with the 
increase of rotational speed, the contact angle variation 
and variation range of the outer bearing are small, due to 
the speed distribution relationship between the inner and 
outer bearing, the influence of centrifugal force the 
influence of the external layer of ball bearing contact 
angle is less than the impact on the inner ball contact 
angle, so as the change of rotation speed, the outer ball 
contact angle variation, and variation range are smaller. 
The inner and outer contact angle of the outer bearing 
decrease with the increase of rotating speed after 
considering the centrifugal expansion rate, but the range 
of change is not obvious. This is because the working 
speed of the double-decker ball bearing is shared by the 
inner and outer bearings, and with the speed increased 
the contact angle changes less than that of the single-
layer ball bearing. 
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Fig. 3. The comparison of the change of the inner contact angle 

in the inner bearing of the double-decker bearing 

 

 

 

 
Fig. 4. The comparison of the change of the outer contact angle 

in the inner bearing of the double-decker bearing 
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Fig. 5. The comparison of the change of the inner contact angle 

in the outer bearing of the double-decker bearing 

 

 

 

 
Fig. 6. The comparison of the change of the outer contact angle 

in the outer bearing of the double-decker bearing 

Fig.7 shows the influence of the centrifugal inflation 
docking tentacles variation in the inner ring and ring 
under the different materials and the same speed. As is 
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known from the figure, the contact angle considering 
centrifugal expansion is smaller than that without 
considering centrifugal expansion, when the inner ring 
and the middle ring are made of ceramic material, the 
change of the contact angle is bigger than the steel 
material, the biggest changes occur inner bearing 
external contact angle, which is decreased by 3.17%. 

 

 

 

 
Fig. 7. The comparison of contact angle changes under 

different materials 

6 Conclusion 
In this paper, the double-decker bearing is taken as the 
research object, and the quasi-static model with the 
centrifugal expansion is modified. The analysis results 
are as follows: 
(1) In the case of centrifugal expansion, with the increase 
of rotating speed, the contact angle of the inner and outer 
layers of the double-decker bearing decrease. 
(2) In the case of centrifugal expansion, the influence on 
the contact angle of inner bearing is greater than that of 
outer bearing. 
(3) With the increase of rotational speed, the influence of 
centrifugal expansion on the contact angle of double-
decker ball bearing gradually increases. 
(4)Centrifugal expansion related to material parameters, 
select the appropriate materials can reduce the influence 
of centrifugal expansion on the dynamic characteristic, 
and the inner ring and ring choose ceramic materials 
caused amplitude of variation of the contact angle is 
bigger than that of the steel material, the biggest changes 
occur on the inner bearing external contact angle, which 
is decreased by 3.17%, the high speed working 
conditions, centrifugal expansion effect on the dynamic 
performance of double-decker bearings should not be 
neglected. 
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