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Abstract. In this paper, the modeling of the solidification of Al-4Cu alloy 

was studied. The calculation code is developed to model the equiaxed 

globular solidification of the Al-4Cu alloy in a square mold. The mold walls 

are subjected to constant temperatures and the velocity components are 

equal to 0, the exchange coefficient 'H' between the interface of the melt and 

the mold is estimated at 500 W/( m2 K) and the initial melt temperature 'T0' 

is equal to 900 K. The resolution method used is finite differences, the 

upwind scheme for convective terms, and the space-centered scheme for 

diffusive terms. The calculated profiles are temperature, solid fraction, 

concentration and macro-segregation of copper. At the beginning of cooling, 

the solidification of the Al-4Cu alloy started in the four corners of the plate. 

The grains formed at the walls could not move in the studied surface. With 

cooling time, the solidification of the casting developed rapidly in the lower 

part; because, the grains formed away from the walls sedimented and 

accumulated in this part of the plate.  On other hand, the liquid was located 

mainly in the upper part.  The segregation of copper in the two-phase mixture 

is due to its continuous rejection from the solid to the liquid. 

1 Introduction 

During the cooling of alloys several phenomena are involved, such as phase change, heat and 

mass transfer and segregation of chemical elements, ...etc. In order to understand and analyze 

the complex phenomena that occur, several calculation codes have been developed by 

researchers or industrial companies. 

The solidification of aluminum alloys is widely studied due to their wide use in several 

sectors such as transportation, aeronautics and construction. Aluminum alloys are 

characterized by an equiaxed globular structure. We can consider that the grains of this 

structure have a simple spherical morphology which confers interesting properties to metallic 

alloys [1–3]. 

In the literature, several works have been carried out on the modeling of solidification 

phenomena of aluminum alloys. First, the model developed by Beckermann et al. is cited. 

They are based on the volume-averaging approach of the two phases, i.e. the liquid and the 

solid. Each phase is treated separately, but the interactions between them are considered 

explicitly. Beckermann’s team solved simultaneously the transport equations for the liquid 
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and the solid. Their model allowed a rigorous description of several phenomena at the 

microscopic and macroscopic scales [4–10]. Nevertheless, this model has several 

inconveniences; for example, the absence of a real nucleation model, detailed heat transfer 

and density coefficients, etc., are cited. 

This model has been succeeded by other works in order to propose a more complete 

model. Among the latter, mention should be made of the work developed by Ni and Incropera 

in which they established a link between the liquid and solid phases. The published model 

took into account solutal undercooling, nucleation, stereological characteristics of the 

solid/liquid interface, movement of solids as floating or settling crystals, and shrinkage 

[11,12]. 

Ludwig and Wu treated the globular equiaxed solidification always based on the volume 

averaging approach of the two phases. The simulation of the equations of the two phases 

treated separately allowed to describe nucleation, grain evolution, flow convection, 

sedimentation, solute transport and macrosegregation [13,14]. 

Tveito et al, in turn proposed a simpler model describing equiaxed solidification in order 

to avoid the difficulty of modeling an equiaxed grain. This three-phase model is based on the 

volume average method. It allows to describe the influence of grain morphology on macro-

segregation [15,16]. 

In order to predict macrosegregation and shrinkage cavity Ren et al used a four-phase 

dendritic solidification model coupling several phenomena such as equiaxed grain growth 

and sedimentation, thermo-solutal buoyancy and shrinkage formation.... Their model was 

able to predict the impact of the initial mold temperature on macro-segregation and equiaxed 

grain growth [17]. 

This paper focuses on the globular solidification of alloys, and more precisely Al-4Cu in 

a 2D cavity. The calculation code is based on the finite difference resolution method. Another 

approach was developed in this study, replacing the momentum equation with stream 

functions and vorticity. First, the equations of the stream functions, vorticity, and temperature 

were solved; then, the outputs of the previous equations were used to find the fraction of solid 

and the concentration of copper. 

2 Description of model 

2.1 General assumptions 

Several hypotheses are established to model the solidification of Al-4Cu alloy. It is assumed 

that the mold is instantly filled with melt and no feeding is performed during the cooling of 

the plate-mold system. Two phases are present: solid and liquid, and the latter is considered 

Newtonian. These phases are represented by their volume fractions (the sum is equal to 1), 

and their physical properties are constant as a function of temperature. The non-slip condition 

is defined at the mold walls. 

2.2 Description of the studied case 

The conditions for simulation of Al-4Cu alloy solidification are illustrated in Figure 1. In the 

studied case, it was considered that Al-4Cu casting takes place in the 2D mold (not explicitly 

modeled). The initial temperature of melt (T0) is equal to 900 K and that of mold (Tw) is equal 

to 295 K. The exchange coefficient, noted as H, between the interface of the melt and the 

mold is estimated at 500 W/(m2 K). The mold is cooled by free air and at atmospheric 

pressure. The mesh used is 40×40 square surface elements for the vertical plate of dimension 

0,2×0,2 m2. 
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Fig. 1. Scheme of the physical model studied. 

The thermophysical and thermodynamic properties of Al-4Cu alloy are reported in Table 

1. 

The densities, thermal conductivities, heat capacities and coefficients of thermal 

expansion are organized according to liquid and solid phases. They have constant and 

different values depending on the phase in question. 

A dash is noted in the liquid phase viscosity column because it will not be used in the 

calculation code. 

Table 1. Thermophysical and thermodynamic properties 

of Al-4Cu alloy. [13,18] 

Thermophysical properties 
Properties Liquid phase Solid phase 

𝝆 (kg/m3) 2606 2743 

𝝀 (W/m K) 77 153 

𝓬𝓹 (J/kg K) 1179 766 

𝜷 (K-1) 10-4 10-4 

𝝁 (kg/m s) 1,3x10-2 ___ 

Thermodynamic properties 

𝑘 =0,145 𝛵𝒻=933,5 K 𝓂 =-344 K 

3

E3S Web of Conferences 229, 01015 (2021)
ICCSRE’2020

 https://doi.org/10.1051/e3sconf/202122901015



2.3 Mathematical model 

The mathematical model consists in solving the equations of stream function, vorticity, 

temperature, solid fraction and copper concentration. 

Stream function equation: 

                               
𝜕2𝜓

𝜕𝓍2 +
𝜕2𝜓

𝜕𝓎2 = −𝜔                                                          (1) 

Vorticity equation: 
𝜕𝜔

𝜕𝓉
+

𝜕𝜓

𝜕𝓎

𝜕𝜔

𝜕𝓍
−

𝜕𝜓

𝜕𝓍

𝜕𝜔

𝜕𝓎
=

𝜇𝓂

𝜌𝓂
(

𝜕2𝜔

𝜕𝓍2 +
𝜕2𝜔

𝜕𝓎2) +
1

𝜌𝓂
(𝒻𝓈𝜌𝓈𝛽𝓈 + 𝒻ℓ𝜌ℓ𝛽ℓ)ℊ

𝜕𝛵

𝜕𝓍
           (2) 

With:    𝓊ℓ =
𝜕𝜓

𝜕𝓎
  ;  𝓋ℓ = −

𝜕𝜓

𝜕𝓍
 

Temperature equation: 
𝜕𝛵

𝜕𝓉
+

𝜕𝜓

𝜕𝓎

𝜕𝛵

𝜕𝓍
−

𝜕𝜓

𝜕𝓍

𝜕𝛵

𝜕𝓎
=

𝜕

𝜕𝓍
(

𝜆𝓂

(ρ𝒸𝓅)𝓂

𝜕𝛵

𝜕𝓍
) +

𝜕

𝜕𝓎
(

𝜆𝓂

(ρ𝒸𝓅)𝓂

𝜕𝛵

𝜕𝓎
)                           (3) 

Liquid fraction equation: 
𝜕(𝒻ℓ𝜌ℓ)

𝜕𝓉
+ 𝛻. (𝒻ℓ𝜌ℓ𝓋ℓ) = 𝛭𝓈ℓ                                                (4) 

 

Solid fraction equation: 
𝜕(𝒻𝓈𝜌𝓈)

𝜕𝓉
+ 𝛻. (𝒻𝓈𝜌𝓈𝓋𝓈) = 𝛭ℓ𝓈                                                (5) 

With:  𝛭ℓ𝓈 = ℊ𝛼(
𝒯−𝒯𝒻

𝓂
− 𝒸ℓ)(𝓃𝜋𝒹𝓈

2)𝜌𝓈(1 − 𝒻𝓈)    and    ℊ𝛼 = 5 × 10−4 𝑚 𝑠⁄   [13] 

Concentration equation: 

 
𝜕(𝒻ℓ𝜌ℓ𝒸ℓ)

𝜕𝓉
+ 𝛻. (𝒻ℓ𝜌ℓ𝓋ℓ𝒸ℓ) = 𝒞𝓈ℓ                                            (6) 

Species concentration in the solid phase: 
𝜕(𝒻𝓈𝜌𝓈𝒸𝓈)

𝜕𝓉
+ 𝛻. (𝒻𝓈𝜌𝓈𝓋𝓈𝒸𝓈) = 𝒞ℓ𝓈                                           (7) 

With:  𝒞ℓ𝓈 = 𝑘 × 𝒸ℓ × 𝛭ℓ𝓈 

The thermophysical properties of the mixture are expressed based on those of the liquid 

and the solid. The thermal capacity and density of the mixture are formulated using the 

following rule: 

(ρ𝒸𝓅)
𝓂

= 𝒻𝓈(ρ𝒸𝓅)
𝓈

+ 𝒻ℓ(ρ𝒸𝓅)
ℓ
                                        (8) 

                         𝜌𝓂 = 𝒻𝓈𝜌𝓈 + 𝒻ℓ𝜌ℓ                                                    (9) 

According to Ishii and Zuber [19], the viscosity of a solid-liquid mixture is expressed 

according to the following equation: 

          𝜇𝓂 = 𝜇ℓ(1 −
𝒻𝓈

𝒻𝓈
𝒸)−2,5𝒻𝓈

𝒸
                                               (10) 

With 𝒻𝓈
𝒸 is the critical solid volume fraction from which the equiaxed crystals combine to 

produce a solid and rigid structure. It is equal to 0,637 [6–8]. 

According to Maxwell, the thermal conductivity of solid-liquid mixture can be written 

from the following relationship [20]: 

                      𝜆𝓂 =
𝒻ℓ𝜆ℓ(2𝜆ℓ+𝜆𝓈)+3𝒻𝓈𝜆𝓈𝜆ℓ

𝒻ℓ(2𝜆ℓ+𝜆𝓈)+3𝒻𝓈𝜆ℓ
                                            (11) 

The concentration of mixture is calculated as follows: 

                         𝒸𝓂 =
𝒸ℓ𝜌ℓ𝒻ℓ+𝒸𝓈𝜌𝓈𝒻𝓈

𝜌ℓ𝒻ℓ+𝜌𝓈𝒻𝓈
                                               (12)   

The parameters used for the adimensioning of equations (1), (2) and (3) are: 

𝒳 =
𝓍

𝐿
                 ;                𝒴 =

𝓎

𝐿
 

𝛹 =
𝜓

𝐿√ℊβℓΔΤL
           ;            𝛺 =

ωL

√ℊβℓΔΤL
 

                𝜏 =
𝓉√ℊβℓΔΤL

𝐿
            ;               𝒯 =

𝛵−𝛵w

𝛵0−𝛵w
                                     (13) 

The system of equations without dimensions is expressed as follows: 
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Stream function equation: 

                             
𝜕2𝛹

𝜕𝒳2 +
𝜕2𝛹

𝜕𝒴2 = −𝛺                                                      (14) 

Vorticity equation: 

𝜕𝛺

𝜕𝜏
+

𝜕𝛹

𝜕𝒴

𝜕𝛺

𝜕𝒳
−

𝜕𝛹

𝜕𝒳

𝜕𝛺

𝜕𝒴
=

(1−
𝒻𝓈
𝒻𝓈

𝒸)−2,5𝒻𝓈
𝒸

(𝒻ℓ+𝒻𝓈
𝜌𝓈
𝜌ℓ

)√𝒢𝓇
(

𝜕2𝛺

𝜕𝒳2 +
𝜕2𝛺

𝜕𝒴2) +
1

𝛽ℓ𝜌𝓂
(𝒻𝓈𝜌𝓈𝛽𝓈 + 𝒻ℓ𝜌ℓ𝛽ℓ)

𝜕𝒯

𝜕𝒳
        (15) 

Temperature equation: 

𝜕𝒯

𝜕𝜏
+

𝜕𝛹

𝜕𝒴

𝜕𝒯

𝜕𝒳
−

𝜕𝛹

𝜕𝒳

𝜕𝒯

𝜕𝒴
=

1

𝒫𝓇√𝒢𝓇
[

𝜕

𝜕𝒳
(

𝜆𝓂
𝜆ℓ

𝒻ℓ+𝒻𝓈
(ρ𝒸𝓅)𝓈

(ρ𝒸𝓅)ℓ

𝜕𝒯

𝜕𝒳
) +

𝜕

𝜕𝒴
(

𝜆𝓂
𝜆ℓ

𝒻ℓ+𝒻𝓈
(ρ𝒸𝓅)𝓈

(ρ𝒸𝓅)ℓ

𝜕𝒯

𝜕𝒴
)]            (16) 

Dimensionless numbers are formulated based on the thermophysical properties of used 

alloy. With Prandtl's number is 𝒫𝓇 =
𝜇ℓ𝒸𝓅ℓ

𝜆ℓ
  and the Grashof's number is  𝒢𝓇 =

ℊβℓΔΤL3𝜌ℓ
2

𝜇ℓ
2  . 

2.4 Numerical method 

The dimensionless equations, cited in section 2.3, are discretized by finite difference method. 

The upwind scheme was used for convective terms, and the centered-space scheme for 

diffusive terms.  

The convergence criterion used for our calculation code is as follows: 

                        ∑❘𝛹𝒾,𝒿
𝓃+1 − 𝛹𝒾,𝒿

𝓃 ❘ ≺ 10−6                                              (17) 

Edge vorticity is determined by the Taylor development of stream functions. They are 

expressed as follows: 

𝛺𝒾,1 = −2 ∗
𝛹𝒾,2

Δ𝓍2
 

𝛺𝒾,𝓃𝓎 = −2 ∗
𝛹𝒾,𝓃𝓎−1

Δ𝓍2
 

𝛺1,𝒿 = −2 ∗
𝛹2,𝒿

Δ𝓎2
 

                            𝛺𝓃𝓍,𝒿 = −2 ∗
𝛹𝓃𝓍−1,𝒿

Δ𝓎2                                                     (18) 

The accuracy of the calculation is significantly influenced by the density of the mesh, and 

more precisely the parts close to the edges of mold. The mesh density is determined based 

on the boundary layer theory [21]: 

                                Δδ × √
𝜌ℓ×𝓊ℓ

∞

𝜇ℓ×𝓎
∼ ⩽ 1                                                     (19)  

According to equation (19), our mesh must be fine enough to obtain very precise results. 

In our case, the height of the casting 𝓎
∼

 is 0,2 m and the maximum velocity 𝓊ℓ
∞  is 0,03 m/s. 

Therefore, the mesh size Δδ of the parts close to the wall must be less than 5,8 mm. A mesh 

size of 5×5 mm2 has been chosen for each element. 

3 Results and discussions 

The profiles of temperature, solid fraction, concentration and stream functions after 10 

seconds are illustrated in Figure 2. After 10 seconds, the isotherms are symmetrical with 

respect to the vertical axis (fig. 2(a)). We note a maximum value in the center and a minimum 

value at the extremity of the plate. The cooling of the plate-mold system is essentially done 

by free convection heat extraction by means of air. At this stage, it can be assumed that grain 

sedimentation and convection driven by it is not yet significant. 
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According to Figure 2(b), the beginning of solidification is observed in the extremities 

and significantly in the four corners, but the rate of the solidified liquid phase remains low. 

Due to the non-slip condition assumed in section 2.1, the immediately developing Al-4Cu 

solid grains cannot move and remain attached to the walls of the mold. 

In Figure 2(c), there is a difference in the concentration of copper in the biphasic mixture. 

It is observed that more the solid fraction of the phase increases, the more the phase weakens 

into copper and vice versa. These results can be explained by the rejection of copper in the 

melt during phase change from liquid to solid. 

                (a) 800 to 900 K                                                                   (b) 0 to 0,7 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                 (c) 0,04 to 0,12                                                             (d) 6×10-5 to 6×10-5 

Fig. 2. Temperature profiles, solid fraction, streamlines and solute concentration after 10 seconds 

from the start of cooling. All quantities are scaled equidistantly with yellow representing the highest 

value and blue the lowest value. 

Figure 3 represents the profiles of the solid fraction, the streamlines and the concentration 

of the solute after 60 seconds from the start of cooling. According to Figure 3(a), the 

solidified mass is important in relation to the beginning of cooling (fig. 2(a)). Continuous 

cooling of our study alloy gives rise to other solid grains away from the mold walls that do 

not obey the non-slip condition. Over time, these grains sediment and also accumulate at the 

bottom of the casting, strongly modifying the profile of the solid fraction. It is observed that 
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the solidification in the lower corners and the bottom of the piece progresses more rapidly 

compared to the lateral regions. 

There is a similarity between the profiles of the solid fraction and the copper 

concentration related by equations (4) and (5). As expected, the copper fraction is important 

just in the zones adjacent to the solidified ones (fig. 3(b)). This solute segregation is caused 

by the continuous release of solute over time from the solid to the liquid phase. 

This change of phases thus creates two oppositely directed vortices, the first turning 

clockwise and the second turning anticlockwise, as represented in Figure 3(c). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                    (a) 0 to 0,9                                                                    (b) 0,04 to 3,2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                  (c) -10-4 to 10-4 

Fig. 3. Solid fraction profiles, streamlines and solute concentration after 60 seconds from the start of 

cooling. All quantities are scaled equidistantly with yellow representing the highest value and blue the 

lowest value. 

Figure 4 represents the macro-segregation of copper in the biphasic mixture after 14 and 

22 seconds. The results of the numerical simulation indicate the presence of the two 

segregation zones; a positive segregation with a value superior to 4% and a negative 

segregation with a value inferior to 4%. The results obtained from the macro-segregation are 

interpreted according to the two parts (upper and lower) of the plate. 

In the lower corners and bottom of the plate, negative segregation is due to sedimentation 

of solidified grains of low copper concentration. Next to these areas of negative segregation 
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are the areas of positive segregation. During cooling, zones with a concentration of more than 

4% copper are formed by the flow of the liquid phase which gradually leaves this zone in 

order to leave space for the sedimentation of the grains. 

In the same way, we note the existence of negative segregations in the upper corners 

still due to the phenomenon of sedimentation. The formation and accumulation of grains in 

the upper region involves the increase of the solid fraction, and in the course of time these 

grains will in turn flow downwards. Copper-rich areas, located below copper-poor areas, 

are formed by the movement of the melt. In the course of time, the liquid is of important 

volume than the solid in the upper part. The volume of the sedimented solute-poor solid 

will be replaced by the solute-rich liquid, thus increasing the mixing concentration. 

 

                      (a) t = 14 s                                                                      (b) t = 22 s 

Fig. 4. Evolution of macro-segregation during cooling. The highest mixture concentration is 

represented by the color yellow and the lowest is represented by the color blue. 

4 Conclusions 

In this study, the solidification of Al-4Cu alloy of almost globular equiaxed morphology was 

modeled. Solidification starts from the corners and the grains at these areas cannot move. On 

the other hand, grains away from the walls flow down the mould while increasing the solid 

fraction in the lower regions. 

The sedimentation of the grains causes areas of negative segregation that appear in the 

upper corners and significantly in the lower corners and bottom of the plate. Positive 

segregation zones are formed next to negative segregation zones. Areas of high concentration 

are created by the release of the solute into the melt and its movement. 

Nomenclature 

𝒸: concentration 

𝒸𝓅: thermal capacity 

𝒞𝓈ℓ: species exchange rate 

𝒹: grain diameter 

𝒻: volume fraction 

𝒻𝓈
𝒸: critical solid volume fraction 

ℊ: gravity 
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ℊ𝛼: growth factor 

𝒢𝓇: number of Grashof 

k: solute partition coefficient at the liquid-solid interface 

𝐿: plate length 

𝓂: liquidus slope of the binary phase diagram 

𝛭ℓ𝓈: mass transfer rate 

𝓃: grain density 

𝛲: pressure 

𝒫𝓇 : number of Prandtl 

𝛵: temperature 

𝒯: dimensionless temperature 

𝓉: time 

𝜏: dimensionless time            

𝓊, 𝓋: velocity components 

𝓍, 𝓎: cartesian coordinates 

𝒳, 𝒴: dimensionless coordinates 

𝜌: density 

𝜆: thermal conductivity 

𝜇: viscosity 

𝛽: coefficient of thermal expansion 

𝜓: stream function 

𝛹: dimensionless stream function 

𝜔: vorticity 

𝛺: dimensionless vorticity 

Δδ: mesh size limit 

Subscripts: 

ℓ: liquid phase 

𝑠: solid phase 

𝓂: mixture 

𝒻: melting 

0: initial 

w: mold 
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