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Abstract. The paper describes the problem of the reliability analysis for individual reinforced concrete
(RC) beams by the rebar strength criterion in cross section with a normal crack. It is proposed to evaluate
the stress in the rebar by measurements of the crack width at the level of the rebar using the functional
dependence of the crack width and the strain (deformation) in the reinforcement. It is also proposed to
replace the modulus of elasticity of steel reinforcement on the secant modulus of elasticity, taking into
account the increased reinforcement strain in cross section with crack. The work considers two options of
the crack width in beam: less and greater than the ultimate crack width. The reliability analysis of RC beams
by the rebar strength is based on the possibility theory and fuzzy set theory by the reason of small statistical
data from measurements on existing individual RC beams. The use of offered reliability analysis methods
will allow preventing the failures of reinforced concrete beams and in some cases to obtain economic
benefit from the possibility of further operation of RC beams with cracks, even with a crack width more
than ultimate value.

1 Introduction

Mechanical safety is the state of buildings and structures
in which there is no unacceptable risk of a structural
failure. According to the Eurocode 0 “Basis of structural
design”, the reliability is an ability of a structure or a
structural part to meet the specified requirements,
including the design working life, for which it has been
designed. Reliability is usually expressed in probabilistic
terms. General principles of structural reliability are
regulated by Eurocode O and International Standard
“General principles on reliability of structures”. The
Interstate Standard GOST 27751-2014 “Reliability of
structures and foundation soils” regulates the general
principles of structural reliability in the Russian
Federation.

The failures of structures, including reinforced
concrete beams and slabs, testify to the insufficient
implementation of methods for the reliability analysis of
structures during their inspection. It also shows the lack
of methods and techniques for reliability (safety)
analysis of structures on some limit state criteria. The
measure of structural element reliability is probability of
non-failure by all limit state criteria. The limit state
criteria for reinforced concrete beams are: rebar and
concrete strength, deflection, cracking, crack widths, etc.
This article will consider the method for reliability
analysis of existing RC beams with normal cracks on
rebar strength.

Microcracks naturally present in the concrete of the
existing reinforced concrete structures subject to the
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influence of various factors. The microcracks can
become macrocracks. A series of normal cracks in
beams are often formed in the tensile zone of the beam
under the influence of a distributed load [1]. The
ultimate crack width acyc ¢ is regulated by Standards

and Codes (Eurocode 2, ACI 318-19, The Russian
Design requirements SP 63.13330.2018, etc.) depending
on the purpose of structure, the environment, type and
diameter of the rebar etc. The stress in the rebar og and

in the compressed zone of concrete oy increase

dramatically in cross-section with a crack of the
reinforced concrete beam. Fig. 1 contains fragments of
the beam with cracks and the diagram of stress in the
rebar and concrete with the local increase of stress.
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Fig. 1. Fragment of the RC beam with cracks and stress
diagrams og and oy,

The cracking leads to a decrease of load-bearing
capacity and reliability (safety) of reinforced concrete
beams, even in case when acrc < acre yit -

The condition agye <agrc yjt doesn’t mean that the

safety of the existing reinforced concrete beam is
provided by the rebar strength. And the condition
acrc > acre,ylt  does not mean that the reinforced

concrete beam must be dismantled by the criterion of
rebar strength. For example, Soviet Departmental
Building Code VSN (R) 53-86 “Rules for the evaluation
of residential buildings deterioration” recommends only
injection into the crack of cement and coating the beams
with cement mortar with a width of cracks in reinforced
concrete beams up to 1 mm. The area of beams with the
crack is also covered by epoxy resin. The same applies
to reinforced concrete ladders and other structural
elements.

The paper [1] describes the evaluation of ultimate
load by values of the mean and standard deviation of
random variable (crack width ag.); ultimate crack

width agrc yit and stress in rebar o is constant values.

This method uses the linearization method and
probability of failure as P = ®(- ), where @(— fg) is

the Gauss error function, where fg=m/s, where mis a

mean value; s is a standard deviation. However, the
distance between the cracks lg is not taken into account

in [1]. Moreover, it is difficult to get the full statistical
data for individual reinforced concrete beam because of
large variability of some statistical parameters.

The work [2] considers experimental and theoretical
calculation of the reliability index for reinforced
concrete beams with different cross-sections. The paper
[3] describes the calculation of the non-failure
probability (reliability index) of reinforced concrete
beams with carbon-fiber reinforced polymers (CFRP). A
statistical analysis to control cracking in reinforced
concrete structures based on the “68-95-99.7 rule” is
presented in [4]. The paper [5] discusses the risk
assessment of corrosion in the rebar of concrete
structures and evaluation of their reliability and
durability by probabilistic and statistical methods. The

paper [6] discusses the measurement and monitoring of
the crack width using piezo-ceramic sensors. The work
[7] presents a study of the durability of reinforced
concrete beams with cracks under the influence of
corrosive environments and the influence of the crack
width on corrosion of rebar. The reliability analysis of
reinforced concrete beams using different probabilistic
and statistical methods are also discussed in [8-11].

The considered literature shows the possibility of
crack width measuring in reinforced concrete beams, and
its influence on the load-bearing capacity and reliability
(safety) of reinforced concrete elements. However, to the
best of our knowledge, methods of reliability analysis
according to the criterion of the rebar strength in the
cross sections with crack are not thoroughly investigated
in the scientific literature. In particular, they are not
applied to reinforced concrete beams with various
statistical information about controlled parameters in
mathematical models of limit state. So, this
consideration is the theme of the present work.

2 Methods

The mathematical model of the limit state for reliability
analysis of RC beam on rebar strength can be written as:

Os <O ylt (D

where &g is the stress in a rebar in the beam cross-

section with a crack; it is a random variable (marked by
a wavy line above the symbol); o ¢ is the ultimate

tensile stress of rebar, which was evaluated
experimentally from the rebar samples tensile tests. It is
proposed to use the yield strength oy, or the elastic

limit 4, asthe o ¢ value.

According to the Set of Rules SP 63.13330.2018
“Concrete and reinforced concrete structures”, the crack

width is calculated as

acre = 0sP1P203Ysls [ Eg

where |g is the distance between the normal cracks in
the tensile zone of reinforced concrete beams; Eg is the
modulus of elasticity of steel rebars; ¢, is the factor of

the load action (1.0 for a short load action; 1.4 for a long
load action); ¢, is the factor of the profile of the

longitudinal reinforcement: ¢ = 0.5 for the ribbed bars;
¢@p =0.8for the plain bars; ¢g is the factor of a
structural element behavior: g3 =1 for flexural elements
and @3 =1.2 for tensile elements; ¢ is the Murashev
coefficient: wg =1 if agec <agreuit and wg <1 if

acrc > Acrc,ult -

It is proposed to use this equation to determine the
rebar stress og in the beam cross-section with a crack

by the measurements of the crack width. In this case, og
is determined as:
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05 =acrcEs / 10003775 )
The Murashev
M
s :1—0.8%,

coefficient is evaluated as

Mcrc =optWpl; Rptser IS @ tensile strength of
concrete; Oy is an ultimate tensile stress in concrete;

W, is an elastic-plastic moment of resistance.

Taking into account eq. (2) and condition
acrc < acre,ult» (1) can be represented as:
AcrcEs | pp2pals < Os,ult (3)
and if acre > acre ult
AcrcEs | Po203vsls < Ts,ult (3)

In [12] academician I. N. Karpenko proposed to
correct the equation (3”). Here Eg is replaced by the

sec
S

secant modulus of elasticity E<™, which is less than the

standard value of Eg=2-10'! Pa. The ES€ is

determined (in the inspection and reliability analysis of
reinforced concrete beams) by the tensile tests of rebar
samples from reinforcement beams and by the stress-
strain o — & diagrams. It is proposed to calculate o's by

(2) as og'=accESC / proopawsls by the results of the
acre and lg measurements.

Consider the option of reliability analysis of
individual reinforced concrete beam according to the
criterion of the rebar strength (1) in cross-section with a

maximum crack width as &gy <@gy and W =1.

We introduce the notations agc =X, I~S =Y,
osult =2, ws =1, P03 | ESEC =k . Then:
XIY-Z<k 4)

where k is a constant value; X, Y, Z are fuzzy variables
by the reason of small statistical data in the individual
reinforced concrete beam.

3 Results

Consider the reliability analysis of reinforced concrete
beam according to the mathematical model (4) by the
theory of possibility approach [13] using the Zadeh’s
principle from the fuzzy sets theory [14]. The possibility
distribution function 7y (x) can be accepted as:

2
7x (X) = exp —[X;aXJ )

X

where ay = 0.5 (Xmax + Xmin) s

the maximum and minimum values in the subset {x} of
fuzzy variable X from the test results; « €[0;1] is a cut

(risk) level. The reverse function of 7y (x) from (5) is

X =ay £hy—Inax or
ﬂ = 1,_ Ina .

Further, the fuzzy function G can be created from
fuzzy arguments X, Y, Z in accordance with the Zadeh’s
principle as:

X=ay tbys, where

G=X/Y-Z<k (©6)

Fuzzy function G is characterized by the distribution
function  zg(g)  with the average value

ag =ay/ayaza; and with the left g <ag and the right
g >ag branches. The reverse function g of G will be

determined through the reverse functions x, y, z from X,
Y, Z as described above.
From the left branch of zg(g) ., we have:

left = (@x —bxB)(ay +byp)(@; +b;B),  (7)
and for the right branch:

dright = (@x +bxB) (ay —byB)@; =bz B),  (7)

where g =./-Inzg(g) =/~ Inax .
A minus sign is placed before the "b" term if from
this value the gjef; value increases. We have zg(g)=1

or p=0incase g=ag =ay/aya,;a;. The value of non-
failure possibility R is taken R=1 if ag <k in (7°). The

value of failure possibility Q (for the right branch of
7 (g)) is calculated by B from (7°) with gy =k,

which corresponds to the lowest reliability. By the
results of solving (7°), Pmin is determined by the

absolute value with gy =k, and the possibility of
failure on the rebar strength criterion is Q = exp(—ﬁnzqin)

A fuzzy variable is characterized by the possibility R
and the necessity N. The necessity N of the beam non-
failure is calculated as N=1-Q. The reliability of
reinforced concrete beam by the rebar strength criterion
in cross-section with a crack is characterized by interval

[N; R=1] or by [P;P]in probabilistic notations, where
P and P are upper and lower values of non-failure

probability (reliability).

Algorithms for reliability analysis based on the
proposed approaches can be considered using numerical
examples. The initial data for the examples can be
obtained as a result of inspections of reinforced concrete
beams and of testing the control samples of steel
reinforcement and concrete. A detailed description of the
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tests procedures is given in the relevant regulatory
documents and standards.

Example 1. Consider the example of the reliability
analysis for a reinforced concrete beam with the
following data: ES®¢ =2.1010 Pa; ¢ =14, ¢ =05,
¢=1 are set by the SP 63.13330.2018.
Acre ={0.24,0.26:0.28 mm; I ={0.17;0.14;0.11} m.
The ultimate crack width ag. , is 0.30 mm as adopted
in Table 4.1 of ACI 224R-01 for humidity, moist air or
soil exposure conditions. By three tension tests of
reinforcement bars control samples, the following data is
obtained: &g 1t ={240;265;215} MPa.

The results of calculation using equation (5) are:
ay=026 mm; ay,=014 m; a,=240 MPa,

by =0.023 mm; by =0.035 m; b, =28.9 MPa with cut

(risk) level «=0.05; k=gpop3/ELC =35.10"11
m?/N. As
ag =ay/ayazar =0.77 1071 <k =3.50-10711

m?/N, then possibility of non-failure is R=1. From (7°)
for right branch 7zg(g) with gright =k as the most

prudent solution: ﬁ={2.46; 10.48} and  Smin =2.46.

The possibility of failure is Q = exp[— (2.46)2J: 0.0024 .
The necessity N of non-failure is N=1-0.0024=0.9976.

Reliability of reinforced concrete beam according to
the rebar strength criterion is characterized by the
interval [0.9976; 1].

This example shows that even when the crack width
is less than the ultimate crack width, the probability of
failure of a reinforced concrete beam by the rebar
strength criterion P =0.9976 may be unacceptable, if

the ultimate reliability should be more 0.998. For
example, in Eurocode 0 "Basis of structural design" it is
stated that reliability index should not be below 3.8 or
probabilistic indicators 0.9999 during 50 years of
operation for the structures of RC2 class.

Consider the option with acrc > agre yit, but not

more than 0.5 mm. The Murashev coefficient g is

M .
calculated as :1—0.87“‘3. If wg is taken as a

constant value, then reliability analysis will not differ
from the above-considered algorithm. Further we
consider a more complex version with a parameter ¥/
as a random variable, which was determined by

measurements of Mg, Let age=X, lg=Y,
Enp,s =Z,ys=T, (/’1(02(/13/E§e° =k, then:
XIY-Z-T<k (8)

where k is a constant value; X, Y, Z, T are fuzzy variables
by the reason of small statistical data in the individual
reinforced concrete beam.

The fuzzy variables in (8) are described by the
distribution function of possibilities (5). In accordance

with the Zadeh’s principle, the fuzzy function J of fuzzy
arguments X, Y, Z, T from (8) can be represented as
J=X/Y-Z-T<k. The fuzzy function J is
characterized by a distribution function 7z j(j) with left

J<aj and right j> o branches. The reverse

function of j from J is determined from reverse functions
of fuzzy variables X, Y, Z, T, which take the form of the
reverse function of x from X as shown above for X. For
the left and right branches 73 (j):

Jieft = (ax —bxp) (ay +by f)(a +byf)(az +b; f), (9)
Jright = (ax +byxB)/(ay —by S)(ar —by B)(a; —bz B). (9)

where g =./—Inxzj(j) . The function zj(j)=1 or 8
=0 in case of a; = ay, /ayazat- The value of non-
failure possibility R is taken R=1 if aj < k in (9’). The
failure possibility Q (for the right branch of z;(j)) is

calculated by [ from (9°) with jy =k, which
corresponds to the lowest reliability. By the results of
solving (9°), Bmin is determined by the absolute value
with jy;t =k, and the possibility of failure on the rebar

2
min). The

necessity N of the beam non-failure is N=1-Q. The
reliability of reinforced concrete beam by the rebar
strength criterion in cross-section with a crack is
characterized by interval [N; R=1] or by [P;P]in the
probabilistic notations.
Example 2.  Given:

strength criterion is evaluated as Q =exp(—/

acre,ult =030  mm;
ESC =2.1010 Pa; o3 =1;
acrc ={0.38,0.36,0.37} mm; Ig ={0.15;0.13,0.14} m;
5o, ={240;215;265} MPa, g ={0.69;0.7L,0.70}. So
ay=014 m; a, =240 MPa,
by =0.012 mm; by =0.012 m; b, =28.9 MPa with
a=0.05; then
K = o003 | ESEC =35.10711 m2/N. As
aj=ay/ayasa =157-10 1 <k=35.10"1  mN,
then possibility of non-failure is R=1. From (10) for right
branch 775 (j) with jy; =K as the most prudent

o =14; ¢p=05;

ay =037 mm;

cut (risk) level of

solution:  Pmin =2.74. The possibility of failure is

Q=exp|- (2.74)2|=0.0004 . The necessity N of non-

failure is N=1-0.0004=0.9996. Reliability of reinforced
concrete beam according to the rebar strength criterion is
characterized by the interval [0.9996; 1].

The example shows that even when the crack width
is more ultimate value, which equal to 0.3 mm, the
probability of failure can be higher than the ultimate
value P, =0.9995 for RC1 structures according to

Eurocode 0. It suggests, that by one criterion — the crack
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width agc and it ultimate value agecyit, it is
impossible to evaluate the structural safety.

4 Discussion

In addition, the reliability of a reinforced concrete beam
as the mechanical system should be estimated by the
n
theorem of probabilities multiplication as P:HP,
i
where P is the probability of non-failure by i-criterion
of limit state. This paper presents the method of
reliability analysis by only one of the limit state criteria
Q.
Consider the case of beam reliability analysis, in
which statistical information about the parameter Iq

allows to set the probability distribution function for IS,

for example in the form of a normal (Gaussian)
distribution with probability density function (PDF):

1 (y‘my)2

1:Y (y)= msy EXp _W ) (10)

where m, is the mean and Sy is the standard deviation

of random variable Y =I~‘s , which is calculated from the
measurements  of I~S . Consider the option with
acrc <acrcult- In this case wg=1. The other

parameters in (4) are fuzzy variables. Represent (4) with
v =1 as:

X1Z <Y -k. (11)

The fuzzy variable T=X / Z and its values (the
arguments) t can be introduced. For the function 77 (t)

on the abscissa-axis t<ay/a; (left branch) with the

description of X and Z by distribution functions (5), the
distribution function of possibilities =7 (t) can be

presented as:

2
ax_azt
t)=exp|—| —=—| | 12
7 (1) = exp [bx+bztj (12)

The same expression 71 (t) will be for t>ay/a,
(the right branch). A probability Py (t) of condition
Yk >t is used to analyse the reliability of the reinforced
concrete beam by (11). This probability Pr(t) is
generally calculated by the known methods of the

probability theory from the expression

Prt)= [ fuc(y)dy=Fy (t), where Fy(t) is the
S

distribution function of Y at the point t. The cut (risk)

level is set as axe[01]. The upper value of the

probability is E(t):qﬁ[M], where t* s
determined from the equation
2
71 (%) = exp —(Z‘XJ—ZZ:J with 7z (t*)=a* in

X z

ay —by—Inax
a; +b;\—Inax

probability can  be
myk —t**

form t*= . Similarly, the lower value
of  the

P(t) = cp[

evaluated as
J, where t** is determined from

y

the right branch

I ay + by /- Inax
a.z _bzﬂ_lna* .
Example 3. Here we use the data from the example

1: t*=7.59-10 13 m/Pa and t**=15.78-10"13 m/Pa.
Assume my =0.14 m; Sy =0.025 m. Then:

mr(t) and is equal to

P(t) = | MK
S k
0.14.35-10 %% -15.78.10"
0.03-3.5-10

= d(3.18) = 0.9985

myk—t*

P(t) = @( J = @(3.94) = 0.9999

y

The reliability of reinforced concrete beam is
characterized by interval [0.9985; 0.9999], that is more
informative than the interval [0.9976; 1] in example 1.

Consider the option with acre > acre yit, but not

more than 0.5 mm. Assume I; =Y, the random variable

with normal distribution (10). The parameter wg =T is

adopted as fuzzy variable as described above in example
2. Then, by analogy with the performed reliability
analysis for the case

t*— ax_bxﬂ_lna*

Acre < agre,ult »

= d
6z +b,y-nax Jag + by - Tna ) o
tr*= 8 +bxy—lInax Upper and

(a —byy~Inax Jag —bpy-Tnax )’

lower values of non-failure probability are determined
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— _t*
by the equations P(t):cp[mYsk—ktJ and
y

_t**
Pt)=a myk=t** , respectively.

Example 4. Here we use the data from the example
2: t%=1.58-10"12 m/Pa and t**=3.18-10712 m/Pa.

Assume my = 014 m; Sy =0.01 m. Then
_pxx ac.qn—11_ 10—12
my k —t _ o 0.14-3.5-10 3.18-10 — 09999
Syk 0.01-35-10 711

P = @[

. P(t) =1. The reliability of reinforced concrete beam is

characterized by interval [0.9999; 1], that is more
informative than the interval [0.9996; 1] in the example
2.

Thus, precision of results of reliability analysis is
increased with the growing of statistical data on the

parameter Ig =Y .

The examples 1-4 show that normal cracks in
reinforced concrete beams can be dangerous even if the
width is less than 0.3 mm or the other ultimate value by
any standard. Conversely, it is possible to allow the
operation of reinforced concrete beams with normal
cracks greater than the ultimate values, because their
reliability index by the criterion of reinforcement bars
strength can be quite high. In this case, special measures
should be taken to protect the reinforcement bars from
corrosion.

5 Conclusions

1. The article proposes new approaches of structural
reliability analysis for the existing reinforced concrete
beams by the rebar strength criterion in cross-section
with a crack. The proposed approaches take into account
different statistical data on the controlled parameters in
the design mathematical models of a limit state;

2. The choice of reliability analysis method depends
on the amount of statistical data on random variables.
The larger is the volume of statistical information, the
narrower (more informative) the reliability interval is. If
the reliability interval is too wide for decision-making or
risk analysis, additional tests of control samples should
be performed. The most accurate reliability value can be
obtained by identifying the exact probability distribution
function and its parameters for each random variable in
the mathematical model of limit states;

3. The use of the described reliability analysis
methods allow one to prevent the failures of reinforced
concrete beams with normal cracks, and to obtain
economic benefit from the possibility of further
operation of reinforced concrete beams with normal
cracks in some cases.
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