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Abstract. This paper investigates the weakness of feedback controller to
find the best parameter of PID controller of a nonlinear inverted pendulum
system (NL-IPS). Stability and performance analysis of a NL-IPS are
carried out with combination of feedback and PID controllers. It is found
that the NL-IPS which was stabilized by feedback controller provides some
weakness. By addition of PID controller on closed loop NL-IPS will
provide better tracking and response on zero steady state error.
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1 Introduction

One of output of a nonlinear inverted pendulum model is angle movement, as shown in
Figure 1 [1]. These dynamics [2, 3] can be elaborated by nonlinear second order differential
equation shown with its arrangement as can be seen in Equation (1).

Fig. 1. Model of inverted pendulum.
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Where X1 is the angle of the pendulum (in radians) from vertical axis, and u is the force
applied to the cart (in Newtons). The various parameters and values are, m = pendulum
mass = 2 kg, M = cart mass = 8 kg, L = pendulum length = 1 m, g = 9.81 m s7?, initial
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angle is ° and the other parameter can be seen at Equation (2).
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For the class of nonlinear control system, the performance of the systems could be
determined by eigenstructure of the closed loop system, if its state equation has approached
and found in linear form. It is empirically true that the performance of a nonlinear system is
determined by the eigenstructure of the linearized system around certain nominal condition.
In this paper, a problem solving method for a nonlinear inverted pendulum plant is
displayed, which is to design a single nonlinear feedback control law in such a way
combined with proportional-integral-derivative so that a nonlinear closed loop system has a
stable balance system. Clearly, this goal is motivated by intuition that the resulting closed
loop nonlinear system performance is sensitive to variations in initial values that can be
changed at any time.

By using the local stability analysis of fixed points in two-dimensional nonlinear
ordinary differential equations such as Equation (1), it is based on approximating the
nonlinear equation with linear equation [4, 5] in the following below, as Equation (3):

dx dx
— = Al x,w, —2 = fo(x,x,u) ®)
The liniearized parameters at the initial conditions x1(0) is found with the Equation (4)
below:
@ = dfi (x1, Xz, u) Qo = dfi (x1, X2, ) b, = dfi(x1, %2, u)
= dx, B dx, e du @)
a _ dfz(x1!x2!u) a _ dfz(xl;xz;u) b, = dfz(xl;xz;u)
2 dx, e dx, e du
By using Equation (3) and Equation (4), the linearized of Equation (1) can be solved as
Equation (5) below:
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It was found that the linearized system was found as Equation (6) below:
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By using the plant’s parameters above, with x1(0) = 6o, the state Equation (4) can be
found at Equation (7) below:
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2 Method of design

The first step to determine the stable plant, the optimal control [5] was defined at Equation

(8) below:
ATP4+PA—-PBR'BTP+Q =0 8
Equation (8) only can be solved if the control law has Equation (9) below:
K =R7'BTP ©)

Where A and B are parameters of plant from Equation (6) or Equation (7), P is the
definitive symmetry matrix, Q is the optimal weight and K is the optimal feedback. By
using the MATLAB to solve the Equation (7), it was found that the optimal system give the
Equation (10) below:

x]_r 0 177 O
[5(2] =40 71100423 (10)
The response of optimal plant was found as shown in Figure 2. The response was good,
but the amplitude of the response was too low.
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Fig. 2. The optimal response of inverted pendulum.
The second step to determine PID also in the optimal control [6, 7] was defined in
Equation (11) below:
_KPS + K[+KD52

K;
u(t)zKp+?+KDs_ . (11)

The transfer function of Equation (10) can be defined in Equation (12) below:
b

G(s)=————
) st+a;s+ag

(12)

In the form of closed loop system using PID as a controller, Equation (11) and Equation
(12) give the Equation (13) below:

b(KDSZ+ KPS +K1)
s34+ (a;+bKp)s?2+(ay+bKp)s + bK,

G(s) = (13)
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To determine the parameter of PID, one of the way to find its parameter was trial and
error in complex plane using root-locus method [5]. For certain pole and zeros of PID, it’s

found the root locus as shown in Figure 3.
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Fig. 3. The root-locus of PID on optimal of inverted pendulum.

The response of optimal plant using PID control was found as shown in Figure 4.
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Fig. 4. The response of PID control on optimal of inverted pendulum.

3 The simulation method of design using simulink

The response of the plant using feedback and PID have been shown using the MATLAB’s
program as depicted on Figure 2, Figure 3 and Figure 4. The response of the system should
be simulated by using SIMULINK [8-10], to shows various changes in parameter selection

on PID, as shown in Figure 5.
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Fig. 5. Simulation using SIMULINK.

According to Equation (3), the sub-system parameter and plant from Figure 5 have
structure of parameters as shown in Figure 6 to Figure 10.
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Fig. 6. Sub-system parameters.
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Fig. 7. Sub-system of plant.
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Fig. 9. Sub-system of feedback controller.
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Fig. 10. Sub-system of PID controller.

All blocks in the sub system are arranged according to the formula in the Equation (1)
and Equation (4). Subsystem Figure 9 was made to implement an optimal control system,
so that at any time the system performance can be regulated through certain damping
factors and certain natural frequencies. While the PID control parameter settings are only
given through Figure 10. Giving these parameters is given after an analysis of the
placement of the pole through the root locus.

4 The simulation result

The simulation response according to Equation (1) in the form of open-loop system by
using SIMULINK is shown in Figure 8. The simulation response according to Figure 7 in
the form of closed-loop system is shown in Figure 9.

Fig. 11. Responses of open-loop nonlinear inverted pendulum.
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Fig. 12. Responses of closed-loop using only feedback controller.

Fig. 13. Responses of closed-loop using pid-feedback controller.

5 Conclusion

There are three results were given on Figure 11, Figure 12 and Figure 13. The response of
open-loop system always oscillate an unstable. The response on closed loop system only
using feedback with proportional control as shown in Figure 12, has stable and response are
damped oscillation. By using PID control as shown in Figure 13, plant has stabilized using
optimal control. PID was designed using root-locus approach to get the best value of gain
parameter at PID controller. The simulation using SIMULINK gave the good result when
PID controller combined with optimal controller. PID controller guarantee the value of
error steady-state approaching zero. The response on Figure 9 was stable compare to Figure
8. Performance of the response can be settled in SIMULINK (Figure 5) by using PID and
the input on desired characteristic sub-system.
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