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Abstract. The paper deals with a mathematical model of console type
based on the nonlinear differential equation having a mobile feature of the
General solution (or a mobile singular point). The presence of mobile
singular points indicates affiliation of this type of equations to the class of
intractable in the general case in of quadratures. This fact, taking into
account the interpretation of mobile singular point as the coordinate of
structural failure, actualizes the development of an analytical approximate
method for solving nonlinear differential equations. Taking into account
these features for of structural analysis increases the authenticity of results
and reliability of construction.

1. Introduction

To solve the problems of reliability assessment and prediction of survivability of the
building structure, it is necessary to have a mathematical model, which is represented by
analytical expressions. Mathematical models allow us to evaluate the characteristics of
errors in programs and predict the reliability of structures in the design and operation.
Confirmation of great attention to mathematical modelling are publications [1-18] in the
study of technical processes, in solving economic problems [19-20], solving problems in
medicine [21, 22].

2. Representation of model for the solution

For the structural analysis of the console type design with possible effects on it, a
mathematical model based on a nonlinear differential equation is considered:

y' = g Jar ()Y +F, &

X

here M, —bending moment; EJ, — stiffness uniform beam; F, — external action.
Equation (1) allows for structure simplification by replacing variables y'=Y,
M, 1(EJ,) =w(X)
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Y = W) A+Y2) +F(x) @)

The domain of existence of the solution of equation (2) consists of the domain of
analyticity and the neighborhood of mobile singular points. If the theorem of existence and
unigueness of the solution is proved in one of the papers for the domain of analyticity, the
proof of the theorem of existence and uniqueness of the solution in the vicinity of mobile
singular points is given in this paper.

3. Task solution

In the present work one of the main problems of the analytical approximate method is
solved — proof of the existence and uniqueness of the solution in the vicinity of mobile
singular point. The presented theorem has no analogues in the classical literature and allows
to obtain the solution of the subsequent problems of the analytical approximate method. In
the given proof the author's technology is used [14].

Consider the Cauchy problem for equation (2) with an initial condition.

Y (%) =Y ®)

3.1. Theorem
Let the following conditions be true:
1) x” — mobile singular point of the Cauchy problem (2) — (3);

2) functions W(x), F(x)eC” inthearea [x—X'|<p;, p =const=0;

3) there are M, and M, , for which conditions are met

F®(x")
n!

(n) (yo*
‘K_Ql <M,, VYn=012..

|

where is M, and M, are some constants.
Then there is a unique solution of the problem (2) — (3) in the form

Y() = (x=X) 23 C, (x—x)" @)

in the area |x— x*| < p,, wherein

M =max{)Y,|,M,,, M, .} n=0,1,..

. 1
=min{ p, ——
pz {pl 9(M +l)2}

3.2 The proof
According to the theorem we have

w(X)=3.D,(x-X)"

F() =3 A (x=x)" (5)
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because X isa regular point for w(x) and F(x) . Consider structure for the function Y (x)

Y(X) = (x=x)"3C, (X=X )" (6)

Here we introduce the notation:

YZ() =D Co(x=x) 1+Y?=>"C/ (x—X)"?
0 0

C,=C, Wn=0,12.. (@+y’)?=) Cy (x—x)""
0

n

- -
2n = Cl,i

C,=1+(2C,C,+C}) C,=>C,_.C C

i=0 i=0

@ry?) =3 Chx-x)" Y2 =3B, (x—x )"
0 0

@+Y2P =S BI(x-x)" B =B, B
0 i=0
Substitute (5) and (6) in equation (2). Taking into account the designations we obtain:
3°C, (n+p) (X=X )" =3 D, (x=X )" S B, (x =X )" + A -X)  (7)
0 0 0 0
From (7) follows

n+p-1=n+3p = pz—1

2

Then the structure of the series in (6) takes the form (4) and from (7) we obtain
recurrence relations for the coefficients:

C, [nT_lJ:ZBni D, +A_, forn=35,7,... ®)

i=0

Herewith
n-1 .
c (T) ~3"B,,D, for n=0,1,2,4,6,..
i=0

From the obtained recurrence relations, we have it C, ==, fll(ZDO), then B, =-C;.
Consider the option for C; = 1fl/ (2D,) . We get
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1 D A, 3C
C,=0B,=0,C,=——=—2 B,=0,C,= B,=——3
1 Bl 2 \EDS/Z 2 3 l+3C02 3 4Dg

Expressions of subsequent coefficients allow us to hypothesize estimates for C, and B,

C,| <3 M(M +1)™2 )
B,| <32 M(M +1)"2

We prove the validity of the estimates in the case of n=2k+1. From the recurrence
relation (8) we obtain

2k +2 RS
C2k+3 (Tj = Z BZk+3—i Di + A<
i=0

or

2k+2

Coa(k+1) =B, D, + Z Boai D + A

i=1

Considering that B, =B, =0, will have been

2%
Chs(k+1) =B, ;D, + Z Bo.ai D + A (10)
i3

From the designations entered above

2k+3

B;k+3 = z sz+3—i Bi

i=0

*

Inturnto B, ;3 =C;,.4s

ok

whereupon
2k+2 -
Bo.3Bo + Z Bo.aiBi = C3,2k+3

i=1

or, given B =B, =0,

i=3 i=0 i=3

1 - 2k 1 2k+3 - - 2k
Buis = B_(Cs,zka - Z By.3.iB; j = B_( Z C2,2k+3—iC1,i - z Bu.3iB; J =
() 0

1( . L% L
= E(C 2k:3Co T Z C,aia.iCui _Z Bu.3.iBi ] =
i1

0 i=3

1 ((23 ) L 22 L
= B_[( Z CioiaiCui jcl,o + Z CoaiaiCri — Z B3 J =
0 =0 i=1

i i=3
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1 . -y (X2 L) L e L
=B_[Cl,2k+3 (Cl,o) "‘( E ,C1,2k+3—icl,i jCLo + Z C2,2k+3—iC1,i _ZBZk+3—i Bi]
1 i=1

0 i=3

Continuing the process of transition to one index for the coefficients and getting rid of
the asterisks in the notation, we obtain

1 5 2k+1 4 2k+2 [ 2k+3—i i 4
Bu.s =B_[C2k+3co '{Zczmmcl jCo + Z( Z Coia-i1G J(ZCHCI Jco +
0 -2 i1\ 10 1=0

j 1=0

i=3

Substitute the resulting expression for B,,., in (10) and, performing the identity
transformations, we obtain

1 2k+1 . 2Kk+2 [ 2k+3—i i A
C2k+3 m 0 [( C2k+3 | jco + ;[ ; C2k+3i|C|j(§Ci|C|JCo +

1=2

FE(E e gmeon) o)

After substitution in the last ratio of the estimates for the coefficients C, and B, , the
execute of identical transformations, we obtain

Coss] < (3” ‘k+DM +D)*P £33 "TM(M +D)* +

2k+2 i
FFOMM %Y (+1)(2K +3—i)(¥}+

i=1
+3% MM +1)2k*4) <M (M +1)%

We prove the estimate for B,,,. From (11) we obtain

|sz+3|

2k+1 2k+1/ 2k+3-i i
< C2k+3C02 "‘(Z Coi34G JCO + Z( Z CoiiiCi j(zcilcl )Co +
1=2 i=2 \_ 1=0 1=0

L A S R

j=0 1=0 =3

Taking into account the expressions for C,, C,, B,, B, and estimates for coefficients
C,, we obtain from last after the transformations:

1 1
+ +
FM+1D)°> 3FM+°

|Byss] <3 M (M +1)%* (1+
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1 1
+ +
M +1)° F(M+D*

jg 32k+1M (M +l)2k+1

Analogous make sure of the estimates and in the event. Taking into account the

estimates (9) for the coefficients, on the basis of a sufficient sign of convergence of the
power series, we obtain the convergence region for the correct part of the series (4):

*| 1

|x—x <
9(M +1)

which completes the proof.

As a result, when nonlinear differential equations are used in calculations, the theorem

guarantees the existence and uniqueness of the solution in the vicinity of mobile singular
point, as well as, implicitly way, the existence of the most a mobile singular point.

3. Conclusion

The result obtained in this paper is necessary for the development of the mathematical
theory of finding a mobile singular point with a given accuracy and the development of
software for computer calculations. The technology of theorem proving allows to obtain an
analytical approximate solution in the vicinity of a mobile singular point, i.e. to determine
the longitudinal coordinate of the local fracture site of a cantilever-type structure under
quasi-static load.

Thus, taking into account the peculiarities of solving nonlinear differential equations for

of structural analysis increases the authenticity of results and reliability of design and, as a
consequence, allows you to get results that are close to the real behavior of the structure.

References

1. R. Bucy, Optimal Filtering for correlated Noise J., 820 (1), 1-8 (1967)

2. R. Kalman, Basic Engr. (ASME Trans.), 83D, 95-108 (1960)

3. A.A. Samodurov, V.M. Chudnovsky, Reports Academy of Sciences of Belarus, 29, 9-
10 (1985)

4. M. Ablowitz, A. Romani, H. Segur, J. Mat. Phys, 21, 715-721, 1006-1015 (1980)

5. M. Ablowitz, A. Romani, H. Segur, Lett. al Nuowo Cim, 23, 333-338 (1978)

6. A. Chichurin, E. Ovsiyuk, V. Red’kov, Computers and Mathematics with Applications,
75, 1550-1565 (2018)

7. A. Chichurin, Miskolc Mathematical Notes J., 18, 701-715 (2017)

8. A. Chichurin, H. Shvychkina, Mathematical Biosciences J., 278, 30-36 (2016)

9. V.B. Taranchuk, MATEC Web of Conferences, 251, 9 (2018)

10. V.B. Taranchuk, Scientific sheets of the Belgorod state University, 16 (265), 148-159
(2017)

11. V.B. Taranchuk, M.A. Zhuravkov, Vestnik Belarusian state University, 1, 97-107
(2016)

12. O.A. Kovalchuk, MATEC Web of Conferences, 117, 6 (2017)

13. O.A. Kovalchuk, Procedia Engineering, 153, 304-309 (2016)



E3S Web of Conferences 97, 03031 (2019) https://doi.org/10.1051/e3sconf/2019970303 1
FORM-2019

14,

15.

16.
17.
18.
19.

20.

21.

V.N. Orlov, O.A. Kovalchuk, E.P. Linnik, I.I. Linnik, Vestnik Bauman MSTU, 4, 24-
35 (2018)

V.N. Orlov, O.A. Kovalchuk, E.P. Detina, MATEC Web of Conferences, 251, 5
(2018)

V.N. Orlov, E.P. Detina, MATEC Web of Conferences, 251, 6 (2018)
V.N. Orlov, O.A. Kovalchuk, IOP Conf. Ser.: Mater. Sci. Eng., 365 (2018)
V.N. Orlov, O.A. Kovalchuk, IOP Conf. Ser.: Mater. Sci. Eng., 456 (2018)

V.N. Orlov, T.V. lvanova, Economy of agricultural and processing enterprises J., 2,
73-77 (2016)

V.N. Orlov, T.V. Ivanova, Agroindustry complex: economics and management J., 10,
67-76 (2016)

V.N. Orlov, Disease prevention and health promotion J., 5, 44-47 (2007)



