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Abstract. The analytical solution of one of the urgent problems of modern 
hydromechanics and heat engineering about the distribution of gas and 
liquid phases along the channel cross-section, the thickness of the annular 
layer and their connection with the mass content of the gas phase in the gas-
liquid flow is given in the paper.The analytical method is based on the 
fundamental laws of theoretical mechanics and thermophysics on the 
minimum of energy dissipation and the minimum rate of increase in the 
system entropy, which determine the stability of stationary states and 
processes. Obtained dependencies disclose the physical laws of the motion 
of two-phase media and can be used in hydraulic calculations during  the 
design and operation of refrigeration and air conditioning systems. 

1 Introduction 
Questions related to the distribution of a two-phase medium in a stream, i.e. with the 

true volumetric gas content (the relative cross-sectional area occupied by the gaseous 
medium) in the gas-liquid flow, and also with the slip coefficient (ratio of the average phase 
velocities)  are key in the hydrodynamics of two-phase flows, for example, in the study of 
steam flow in air conditioning systems of industrial civil tall buildings . 

Among the numerous studies in this area, experimental methods predominate, and in the 
calculations, empirical formulas and nomograms are mainly used. 

When analyzing a two-phase flow the Fauske, Zivi relation can be used [1,2]: 
𝑤𝑤𝑔𝑔⃗⃗⃗⃗⃗⃗ 
𝑤𝑤𝑙𝑙⃗⃗⃗⃗  ⃗ = (𝜌𝜌𝑙𝑙

𝜌𝜌𝑔𝑔
)
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2
, 

𝑤𝑤𝑔𝑔⃗⃗⃗⃗⃗⃗ 
𝑤𝑤𝑙𝑙⃗⃗⃗⃗  ⃗ = (𝜌𝜌𝑙𝑙

𝜌𝜌𝑔𝑔
)

1
3
, 

where wg - gas phase velocity;  wl - liquid phase velocity; ρl – liquid density;  ρg – gas 
density.  

The first of these formulas  is derived from the minimum of the total amount of motion 
of the liquid and gas phases in a two-phase flow. These formulas do not reflect the influence 
on the slip coefficient of either the mass content of gas or the physical properties of the liquid 
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and gaseous media (except for the ratio of their densities), which limits the possibility of their 
application. 

In the present work, it is made an attempt to solve the problem of the volume gas content 
and the phase slip coefficient applied to two-phase annual  flows on the basis of the principle 
of minimum energy dissipation in a stabilized flow associated with irreversible losses by 
internal friction during the motion of real media. 

To simplify the analysis, the annular structure of the adiabatic two-phase flow is adopted 
as the design model. The solution of the problem of the relative area occupied by the gas 
nucleus φ and the corresponding phase slip coefficient  𝑠𝑠 = (𝑤𝑤𝑔𝑔 / 𝑤𝑤𝑙𝑙 )  in a symmetric 
horizontal annular flow, depending on the determining parameters. 

From the thermodynamic point of view, in the flow of a viscous liquid degradation occurs 
(energy depreciation), as in all other real processes taking place in nature, the characteristic 
feature of which is the increase in the entropy of the system. Internal nonequilibrium 
processes always act in a direction that causes a decrease in the rate of entropy increase [3, 
4]. In the thermodynamics of irreversible processes, this law is formulated as follows: as the 
system goes over to the stationary-nonequilibrium state, the value of the incremental increase 
in entropy decreases, and when the stationary-nonequilibrium state is reached, it is of the 
smallest value compatible with external constraints [5]. 

2 Methods 
Let us consider the annular regime of a stabilized gas-liquid flow in a pipe with radius of 𝑅𝑅0, 
shown in the Fig. 1. This flow will consist of a ring layer of liquid with thickness δ and a 
cylindrical gas core with radius 0GR R   . The mass flow of fluid Gl and gas Gg and 

their physical parameters (density, viscosity) lglg  are assumed to be known  
Let us select a cylindrical element of radius R of unit length in the course of the flow. On 

the surface of the selected element, the force of internal friction acts. It is equal to 
Т = 𝜏𝜏2𝜋𝜋𝑅𝑅1,                                                               (1) 

where 𝜏𝜏- tangential friction stress, N/m2. 
The second work of the internal friction force is equal to the product of the value of τ by 

the rate of shear deformation on this axis: 
𝑑𝑑𝑑𝑑 = 2𝜋𝜋𝑅𝑅𝜏𝜏 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑 𝑑𝑑𝑅𝑅   .                                                (2) 
The second work of internal friction along the entire section of the gas-liquid flow is 

expressed by the sum of the integrals: 
𝑑𝑑 = 2𝜋𝜋 ∫ 𝜏𝜏г ∙ 𝑅𝑅 𝑑𝑑𝑑𝑑𝑔𝑔

𝑑𝑑𝑑𝑑 ∙ 𝑑𝑑𝑅𝑅𝑑𝑑0−𝛿𝛿
0 + 2𝜋𝜋 ∫ 𝜏𝜏𝑙𝑙 ∙ 𝑅𝑅 𝑑𝑑𝑑𝑑𝑙𝑙

𝑑𝑑𝑑𝑑 ∙ 𝑑𝑑𝑅𝑅𝑑𝑑0
𝑑𝑑0−𝛿𝛿 .                      (3) 

In this case the first term 𝑑𝑑𝑔𝑔  refers to the gas nucleus, and the second one 𝑑𝑑𝑙𝑙   to the 
annular layer of the liquid; 𝑑𝑑 = 𝑑𝑑𝑔𝑔 + 𝑑𝑑𝑙𝑙; 𝜏𝜏𝑔𝑔 и 𝜏𝜏𝑙𝑙  – tangential friction constraint in the gas 
and liquid phases of the flow; N/m2;  𝑤𝑤𝑔𝑔 и 𝑤𝑤𝑙𝑙 - velocity of the gas and liquid phases on the 
surface of radius R in the cross section, m/s. 

The value E expresses the second amount of dissipation in the cross section of the flow 
over a section of unit length. 

Taking into account the law on the minimum rate of entropy increase in stationary 
irreversible processes or the variation principle of least action known in classical mechanics, 
we can conclude that the distribution of the gas and liquid phases along the cross section will 
be such that for any given mass flow gas content and other defining flow parameters, the 
second work of internal friction forces is minimal. It ensures the stability of stationary flows. 
Proceeding from this, it is possible to establish the relative cross-sectional area occupied by 
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Fig. 1.   Calculation model for the flow of a two-phase annular gas-liquid flow 
 

We consider the problem posed for various cases of the annular regime of the cross section. 

2.1 Laminar flow in the gas nucleus and in the liquid layer 

For laminar flow, the magnitude of the tangential frictional stress is expressed by Newton's 
law:  

𝜏𝜏 = 𝜇𝜇 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 , 

where 𝑦𝑦 = 𝑅𝑅0 − 𝑅𝑅. 
Consequently, the integral (3) can be rewritten in the following form: 

𝐸𝐸 = 2𝜋𝜋𝜇𝜇𝑔𝑔 ∫ 𝑅𝑅 ∙ (𝑑𝑑𝑑𝑑𝑔𝑔
𝑑𝑑𝑑𝑑 )2 ∙ 𝑑𝑑𝑅𝑅𝑑𝑑0−𝛿𝛿

0 + 2𝜋𝜋𝜇𝜇𝑙𝑙 ∫ 𝑅𝑅 ∙ (𝑑𝑑𝑑𝑑𝑙𝑙
𝑑𝑑𝑑𝑑 )

2
∙ 𝑑𝑑𝑅𝑅.𝑑𝑑0

𝑑𝑑0−𝛿𝛿                   (4) 
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where 𝜇𝜇𝑔𝑔 и 𝜇𝜇𝑙𝑙 - dynamic viscosity coefficients of gas and liquid media, Pa·s. 
The law of distribution of the phase velocities over the cross section of the flow will be 
assumed to be parabolic in the gas nucleus and linear in the liquid ring layer:  

𝑤𝑤𝑔𝑔 = 𝑤𝑤0𝑔𝑔 [1 − ( 𝑅𝑅
𝑅𝑅0−𝛿𝛿)2] + 𝑤𝑤0𝑙𝑙,                                         (5) 

where 𝜔𝜔0𝑔𝑔 - relative velocity on the axis of the gas nucleus, m/s; 

0 ≤ 𝑅𝑅 ≤ 𝑅𝑅𝑔𝑔;  𝑅𝑅𝑔𝑔 = 𝑅𝑅0 − 𝛿𝛿; 

𝑤𝑤𝑙𝑙 = 𝑤𝑤0𝑙𝑙
𝑅𝑅0−𝑅𝑅

𝛿𝛿 ,                                                  (6) 

where 𝑅𝑅𝑔𝑔 ≤ 𝑅𝑅 ≤ 𝑅𝑅0. 

According to the formula (5) 

(𝑑𝑑𝑤𝑤𝑔𝑔
𝑑𝑑𝑅𝑅 )2 = 4𝑤𝑤0𝑔𝑔2 ∙𝑅𝑅2

(𝑅𝑅0−𝛿𝛿)4. 

Consequently 

𝐸𝐸 = 2𝜋𝜋𝜇𝜇𝑔𝑔−𝑤𝑤0𝑔𝑔2

(𝑅𝑅0−𝛿𝛿)4 ∫ 𝑅𝑅3 ∙ 𝑑𝑑𝑅𝑅 = 2𝜋𝜋𝜇𝜇𝑔𝑔𝑤𝑤0𝑔𝑔
2𝑅𝑅0−𝛿𝛿

0 .                                 (7) 

Since the relative velocity on the 𝜔𝜔0г axis is related to the average relative velocity in the 
nucleus by the relation 𝑤𝑤0𝑔𝑔 = 2𝑤𝑤𝑔𝑔̅̅̅̅ , then  

𝐸𝐸𝑔𝑔 = 8𝜋𝜋𝜇𝜇𝑔𝑔𝑤𝑤𝑔𝑔
2,                                                  (8) 

where  

𝑤𝑤𝑔𝑔̅̅̅̅ = 𝑤𝑤𝑔𝑔 (а𝑏𝑏𝑏𝑏)̅̅ ̅̅ ̅̅ ̅̅ ̅ − 𝜔𝜔0𝑙𝑙. 

Let us find the relationship between the maximum 𝑤𝑤0𝑙𝑙  and the average velocities in the 
section of the liquid phase. To do this, we calculate the integral  

𝑤𝑤𝑙𝑙̅̅ ̅ =
2𝜋𝜋 ∫ 𝜌𝜌𝑙𝑙𝑅𝑅𝑤𝑤𝑙𝑙𝑑𝑑𝑅𝑅𝑅𝑅0

𝑅𝑅0−𝛿𝛿
𝜋𝜋𝜌𝜌𝑙𝑙[𝑅𝑅0

2−(𝑅𝑅0−𝛿𝛿)2] = 2
(2𝑅𝑅0−𝛿𝛿)𝛿𝛿 ∫ 𝑅𝑅𝑤𝑤𝑙𝑙𝑑𝑑𝑅𝑅𝑅𝑅0

𝑅𝑅0−𝛿𝛿 .                          (9) 

Taking into account relation (6), we will obtain  

𝑤𝑤𝑙𝑙̅̅ ̅ = 2𝑤𝑤0𝑙𝑙
(2𝑅𝑅0−𝛿𝛿)𝛿𝛿2 ∫ 𝑅𝑅(𝑅𝑅0 − 𝑅𝑅)𝑑𝑑𝑅𝑅 = 𝑤𝑤0𝑙𝑙(3−2𝜂𝜂)

3(2−𝜂𝜂)
𝑅𝑅0

𝑅𝑅0−𝛿𝛿 ,                      (10) 

where 𝜂𝜂 – the relative thickness of the annular liquid layer; 𝜂𝜂 = 𝛿𝛿
𝑅𝑅0

. 

Consequently 

𝑤𝑤0𝑙𝑙 = 3𝑤𝑤𝑙𝑙̅̅ ̅ 2−𝜂𝜂
3−2𝜂𝜂.                               (11) 

Taking into account continuity: 

𝑤𝑤0𝑙𝑙 = 3𝐺𝐺𝑙𝑙
𝜋𝜋𝜌𝜌𝑙𝑙𝑅𝑅0

2(3−2𝜂𝜂).                                (12) 

Average absolute velocity of the gaseous medium 

𝑤𝑤𝑔𝑔(а𝑏𝑏𝑏𝑏)̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝐺𝐺𝑔𝑔
𝜋𝜋𝜌𝜌𝑔𝑔𝑅𝑅0

2(1−𝜂𝜂)2,                                 (13) 

where 𝐺𝐺𝑙𝑙и 𝐺𝐺𝑔𝑔 - mass flow of fluid and gas in the flow, kg/s.  
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Average absolute velocity of the gaseous medium 

𝑤𝑤𝑔𝑔(а𝑏𝑏𝑏𝑏)̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝐺𝐺𝑔𝑔
𝜋𝜋𝜌𝜌𝑔𝑔𝑅𝑅0

2(1−𝜂𝜂)2,                                 (13) 

where 𝐺𝐺𝑙𝑙и 𝐺𝐺𝑔𝑔 - mass flow of fluid and gas in the flow, kg/s.  

Taking into account formulas (12) and (13), expression (8) can be rewritten in the following 
form: 

𝐸𝐸𝑔𝑔 = 8𝜇𝜇𝑔𝑔𝐺𝐺2(1−𝑥𝑥)2

𝜋𝜋𝑅𝑅0
4𝜌𝜌𝑙𝑙

2 ∙ [ А
(1−𝜂𝜂)2 − 3

𝜂𝜂(2−3𝜂𝜂)]
2
,                                (14) 

where А = 𝑥𝑥
1−𝑥𝑥 ∙ (𝜌𝜌𝑙𝑙

𝜌𝜌𝑔𝑔
) ;     𝐺𝐺 = 𝐺𝐺𝑔𝑔 + 𝐺𝐺𝑙𝑙;                                    (15) 

𝑥𝑥 - mass flow rate of the gas phase in the flow. 

Let us find the second term of the expression (4). According to the formula (6) 

𝐸𝐸𝑙𝑙 = 2𝜋𝜋𝜇𝜇𝑙𝑙 ∫ 𝑅𝑅(𝑤𝑤0𝑙𝑙
𝛿𝛿 )2𝑑𝑑𝑅𝑅 = 𝜋𝜋𝜇𝜇𝑙𝑙𝜔𝜔0𝑙𝑙

2 (2−𝜂𝜂)
𝜂𝜂

𝑅𝑅0
𝑅𝑅0−𝛿𝛿 .                      (16) 

Taking into account  formula (12) 

𝐸𝐸𝑙𝑙 = 9𝜇𝜇𝑙𝑙𝐺𝐺2(1−𝑥𝑥)2(2−𝜂𝜂)
𝜋𝜋𝜌𝜌𝑙𝑙

2𝑅𝑅0
4𝜂𝜂3(3−2𝜂𝜂)2 .                                                (17) 

Thus, the sum (14) and (17) will be equal to: 

𝐸𝐸𝑙𝑙 = 8𝜇𝜇𝑔𝑔𝐺𝐺2(1−𝑥𝑥)2

𝜋𝜋𝑅𝑅0
4𝜌𝜌𝑙𝑙

2 ∙ {[ А
(1−𝜂𝜂)2 − 3

𝜂𝜂(2−3𝜂𝜂)]
2

+ 9𝜇𝜇𝑙𝑙𝐺𝐺2(1−𝑥𝑥)2(2−𝜂𝜂)
𝜋𝜋𝜌𝜌𝑙𝑙

2𝑅𝑅0
4𝜂𝜂3(3−2𝜂𝜂)2 }.             (18) 

 

It is easy to show that (1 − 𝜂𝜂)2 = 𝐹𝐹𝑔𝑔
𝐹𝐹 = 𝜑𝜑; 

𝐺𝐺 = 𝜋𝜋𝑅𝑅0
2(𝜌𝜌𝜌𝜌), 

where 𝜌𝜌𝜌𝜌 – mass velocity of the gas-liquid mixture, kg/m2·s. 

Therefore, expression (18) can be written in the following form: 

𝐸𝐸 = 8𝜋𝜋𝜇𝜇𝑔𝑔(𝜌𝜌𝑤𝑤)2(1−𝑥𝑥)2

𝜌𝜌𝑙𝑙
{[𝐴𝐴

𝜑𝜑 − 3
(1−√𝜑𝜑)(1+2√𝜑𝜑)]

2
+ 9𝜇𝜇𝑙𝑙(1+√𝜑𝜑)

8𝜇𝜇𝑔𝑔(1−√𝜑𝜑)3(1+2√𝜑𝜑)2
}.       (19) 

Let us find the required value of the true volume gas content 𝜑𝜑ст and the relative thickness 
of the liquid annual layer η (in the stationary flow) from the condition of a minimum of the 
value E as a function of the argument  φ (19) or the argument η (18). 

The necessary condition for the extremum: 

(𝜕𝜕𝐸𝐸
𝜕𝜕𝜑𝜑)

𝜑𝜑=𝜑𝜑𝑠𝑠𝑠𝑠
= 0, or (𝜕𝜕𝐸𝐸

𝜕𝜕𝜂𝜂)
𝜂𝜂=𝜂𝜂𝑠𝑠𝑠𝑠

= 0. 

The nature of the functions makes it possible not to justify sufficient conditions for a 
minimum. 

For the sake of simplicity, we do not write the index "st" for η and φ in the sequel. 

Let us find the derivative: 

𝜕𝜕
𝜕𝜕𝜂𝜂 {[ 𝐴𝐴

(1−𝜂𝜂 )2 − 3
𝜂𝜂 (3−2𝜂𝜂 )] − 9𝜇𝜇𝑙𝑙(2−𝜂𝜂 )

8𝜇𝜇𝑔𝑔𝜂𝜂 3(3−2𝜂𝜂 )2} = 2 [ 𝐴𝐴
(1−𝜂𝜂 )2 − 3

𝜂𝜂 (3−2𝜂𝜂 )] ∙ [ 2𝐴𝐴
(1−𝜂𝜂 )3 − 3(3−4𝜂𝜂)

𝜂𝜂2 (3−2𝜂𝜂 )2] −
9𝜇𝜇𝑙𝑙[𝜂𝜂(3−2𝜂𝜂)+(2−𝜂𝜂 )(9−10𝜂𝜂)]

8𝜂𝜂 4(3−2𝜂𝜂 )3 .                                                                  (20) 

Equating the resulting expression to zero, after a simple transformation we obtain the 
following expression:  
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𝜇𝜇𝑔𝑔
[(3 − 2𝜂𝜂)2 − 𝜂𝜂](1 − 𝜂𝜂)5 = 0.                                                                                       (21) 

This equation expresses the analytical relationship between the true volumetric gas content 
𝜑𝜑 = 𝐹𝐹𝑔𝑔

𝐹𝐹 = (1 − 𝜂𝜂)2 = 0  and the mass flow rate vapor content 

𝑥𝑥 = 𝐺𝐺𝑟𝑟/𝐺𝐺. 

Concerning the variable φ, equation (21) will look as follows: 

[А ∙ (1 − √𝜑𝜑)(1 + 3√𝜑𝜑) − 3𝜑𝜑][2А ∙ (1 − √𝜑𝜑)2 ∙ (1 + 2√𝜑𝜑)2 + 3√𝜑𝜑 ∙ (4√𝜑𝜑 − 1)](1 −
√𝜑𝜑) − 9

8 ∙
𝜇𝜇𝑙𝑙
𝜇𝜇𝑔𝑔
[(1 + 2√𝜑𝜑)2 − (1 − √𝜑𝜑)] ∙ 𝜑𝜑2√𝜑𝜑 = 0.   (22)  

We solve the problem for a parabolic velocity profile in the annual liquid layer and in a gas 
nucleus. In this case  

𝑤𝑤𝑙𝑙 =
𝑤𝑤0𝑙𝑙

𝛿𝛿∙(2𝑅𝑅0−𝛿𝛿)
∙ (𝑅𝑅0

2 − 𝑅𝑅2);                                (23) 

𝑑𝑑𝑤𝑤𝑙𝑙
𝑑𝑑𝑅𝑅 = − 2𝑤𝑤0𝑙𝑙∙𝑅𝑅

𝛿𝛿∙(2𝑅𝑅0−𝛿𝛿)
,                                 (24) 

where 𝑅𝑅0 − 𝛿𝛿 ≤ 𝑅𝑅 ≤ 𝑅𝑅0. 

The average velocity of fluid in the annual layer of the liquid is equal to  

𝑤𝑤 = 1
2𝑤𝑤0𝑙𝑙 , 

𝑤𝑤0𝑙𝑙 =
2𝐺𝐺𝑙𝑙

𝜋𝜋𝜌𝜌𝑙𝑙∙[𝑅𝑅02−(𝑅𝑅0−𝛿𝛿)2]
= 2𝐺𝐺𝑙𝑙

𝜋𝜋𝜌𝜌𝑙𝑙∙𝑅𝑅02∙[1−(1−𝜂𝜂)2]
.                                  (25) 

Second  work of internal friction forces in liquid annular layer of  unit length  

𝐸𝐸𝑙𝑙 = 2𝜋𝜋𝜇𝜇𝑙𝑙 ∫ 𝑅𝑅(𝑑𝑑𝑤𝑤𝑙𝑙
𝑑𝑑𝑅𝑅 )

2𝑑𝑑𝑅𝑅 = 8𝜋𝜋𝜇𝜇𝑙𝑙𝑤𝑤0𝑙𝑙
2

𝛿𝛿2∙(2𝑅𝑅0−𝛿𝛿)2
∙ ∫ 𝑅𝑅3𝑑𝑑𝑅𝑅𝑅𝑅0

𝑅𝑅0−𝛿𝛿
𝑅𝑅0
𝑅𝑅0−𝛿𝛿

.                          (26) 

After calculating the integral (26), and taking into account the relation( 20), we obtain 

Е𝑙𝑙 =
8𝜋𝜋𝜇𝜇𝑙𝑙𝑤𝑤𝑙𝑙

2∙[1+(1−𝜂𝜂)2]
1−(1−𝜂𝜂)2 .                                         (27) 

Using the continuity equation 

Е𝑙𝑙 =
8𝜋𝜋𝜇𝜇𝑙𝑙𝐺𝐺2(1−𝑥𝑥)2∙[1+(1−𝜂𝜂)2]

𝜋𝜋𝜌𝜌𝑙𝑙2𝑅𝑅04𝜂𝜂3(2−𝜂𝜂)3
.                                           (28) 

According to formula  (8) the second work of internal friction forces in a gas nucleus of unit 
length 

𝐸𝐸𝑔𝑔 = 8𝜋𝜋𝜇𝜇𝑔𝑔(𝑤𝑤𝑔𝑔(абс)̅̅ ̅̅ ̅̅ ̅̅ ̅ − 𝑤𝑤0𝑙𝑙)2 =
8𝜋𝜋𝜇𝜇𝑔𝑔𝐺𝐺2(1−𝑥𝑥)2

𝜋𝜋𝜌𝜌𝑙𝑙2𝑅𝑅04
∙ [ А

(1−𝜂𝜂)2 −
2

𝜂𝜂(2−𝜂𝜂)]
2
..                  (29) 

Consequently 

𝐸𝐸𝑔𝑔 = 𝛿𝛿𝜇𝜇𝑔𝑔𝐺𝐺2(1−𝑥𝑥)2

𝜋𝜋𝜌𝜌𝑙𝑙2𝑅𝑅04
∙ {[ А

(1−𝜂𝜂)2 −
2

𝜂𝜂(2−𝜂𝜂)] +
𝜇𝜇𝑙𝑙∙[1+(1−𝜂𝜂)2]
𝜇𝜇𝑔𝑔𝜂𝜂3(2−𝜂𝜂)3

}.                  (30) 

In the expression (30) we replace the variable η with another one: (1 − 𝜂𝜂)2, i.e. the value of 
the true volumetric gas content - φ. Then:  
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𝜇𝜇𝑔𝑔
[(3 − 2𝜂𝜂)2 − 𝜂𝜂](1 − 𝜂𝜂)5 = 0.                                                                                       (21) 

This equation expresses the analytical relationship between the true volumetric gas content 
𝜑𝜑 = 𝐹𝐹𝑔𝑔

𝐹𝐹 = (1 − 𝜂𝜂)2 = 0  and the mass flow rate vapor content 

𝑥𝑥 = 𝐺𝐺𝑟𝑟/𝐺𝐺. 

Concerning the variable φ, equation (21) will look as follows: 

[А ∙ (1 − √𝜑𝜑)(1 + 3√𝜑𝜑) − 3𝜑𝜑][2А ∙ (1 − √𝜑𝜑)2 ∙ (1 + 2√𝜑𝜑)2 + 3√𝜑𝜑 ∙ (4√𝜑𝜑 − 1)](1 −
√𝜑𝜑) − 9

8 ∙
𝜇𝜇𝑙𝑙
𝜇𝜇𝑔𝑔
[(1 + 2√𝜑𝜑)2 − (1 − √𝜑𝜑)] ∙ 𝜑𝜑2√𝜑𝜑 = 0.   (22)  

We solve the problem for a parabolic velocity profile in the annual liquid layer and in a gas 
nucleus. In this case  

𝑤𝑤𝑙𝑙 =
𝑤𝑤0𝑙𝑙

𝛿𝛿∙(2𝑅𝑅0−𝛿𝛿)
∙ (𝑅𝑅0

2 − 𝑅𝑅2);                                (23) 

𝑑𝑑𝑤𝑤𝑙𝑙
𝑑𝑑𝑅𝑅 = − 2𝑤𝑤0𝑙𝑙∙𝑅𝑅

𝛿𝛿∙(2𝑅𝑅0−𝛿𝛿)
,                                 (24) 

where 𝑅𝑅0 − 𝛿𝛿 ≤ 𝑅𝑅 ≤ 𝑅𝑅0. 

The average velocity of fluid in the annual layer of the liquid is equal to  

𝑤𝑤 = 1
2𝑤𝑤0𝑙𝑙 , 

𝑤𝑤0𝑙𝑙 =
2𝐺𝐺𝑙𝑙

𝜋𝜋𝜌𝜌𝑙𝑙∙[𝑅𝑅02−(𝑅𝑅0−𝛿𝛿)2]
= 2𝐺𝐺𝑙𝑙

𝜋𝜋𝜌𝜌𝑙𝑙∙𝑅𝑅02∙[1−(1−𝜂𝜂)2]
.                                  (25) 

Second  work of internal friction forces in liquid annular layer of  unit length  

𝐸𝐸𝑙𝑙 = 2𝜋𝜋𝜇𝜇𝑙𝑙 ∫ 𝑅𝑅(𝑑𝑑𝑤𝑤𝑙𝑙
𝑑𝑑𝑅𝑅 )

2𝑑𝑑𝑅𝑅 = 8𝜋𝜋𝜇𝜇𝑙𝑙𝑤𝑤0𝑙𝑙
2

𝛿𝛿2∙(2𝑅𝑅0−𝛿𝛿)2
∙ ∫ 𝑅𝑅3𝑑𝑑𝑅𝑅𝑅𝑅0

𝑅𝑅0−𝛿𝛿
𝑅𝑅0
𝑅𝑅0−𝛿𝛿

.                          (26) 

After calculating the integral (26), and taking into account the relation( 20), we obtain 

Е𝑙𝑙 =
8𝜋𝜋𝜇𝜇𝑙𝑙𝑤𝑤𝑙𝑙

2∙[1+(1−𝜂𝜂)2]
1−(1−𝜂𝜂)2 .                                         (27) 

Using the continuity equation 

Е𝑙𝑙 =
8𝜋𝜋𝜇𝜇𝑙𝑙𝐺𝐺2(1−𝑥𝑥)2∙[1+(1−𝜂𝜂)2]

𝜋𝜋𝜌𝜌𝑙𝑙2𝑅𝑅04𝜂𝜂3(2−𝜂𝜂)3
.                                           (28) 

According to formula  (8) the second work of internal friction forces in a gas nucleus of unit 
length 

𝐸𝐸𝑔𝑔 = 8𝜋𝜋𝜇𝜇𝑔𝑔(𝑤𝑤𝑔𝑔(абс)̅̅ ̅̅ ̅̅ ̅̅ ̅ − 𝑤𝑤0𝑙𝑙)2 =
8𝜋𝜋𝜇𝜇𝑔𝑔𝐺𝐺2(1−𝑥𝑥)2

𝜋𝜋𝜌𝜌𝑙𝑙2𝑅𝑅04
∙ [ А

(1−𝜂𝜂)2 −
2

𝜂𝜂(2−𝜂𝜂)]
2
..                  (29) 

Consequently 

𝐸𝐸𝑔𝑔 = 𝛿𝛿𝜇𝜇𝑔𝑔𝐺𝐺2(1−𝑥𝑥)2

𝜋𝜋𝜌𝜌𝑙𝑙2𝑅𝑅04
∙ {[ А

(1−𝜂𝜂)2 −
2

𝜂𝜂(2−𝜂𝜂)] +
𝜇𝜇𝑙𝑙∙[1+(1−𝜂𝜂)2]
𝜇𝜇𝑔𝑔𝜂𝜂3(2−𝜂𝜂)3

}.                  (30) 

In the expression (30) we replace the variable η with another one: (1 − 𝜂𝜂)2, i.e. the value of 
the true volumetric gas content - φ. Then:  

𝐸𝐸𝑔𝑔 = 𝛿𝛿𝜇𝜇𝑔𝑔𝐺𝐺2(1−𝑥𝑥)2

𝜋𝜋𝜌𝜌𝑙𝑙
2𝑅𝑅0

4 ∙ [(А
𝜑𝜑 − 2

1−𝜑𝜑)2 + 𝜇𝜇𝑙𝑙
𝜇𝜇𝑔𝑔

∙ (1+𝜑𝜑)
(1−𝜑𝜑)3].                           (31) 

We differentiate the value  E with respect to the variable φ. 

Equating the first derivative to zero 

𝜕𝜕
𝜕𝜕𝜑𝜑 [(А

𝜑𝜑 − 2
1−𝜑𝜑)2 + 𝜇𝜇𝑙𝑙

𝜇𝜇𝑔𝑔
∙ (1+𝜑𝜑)

(1−𝜑𝜑)3] = 2 (А
𝜑𝜑 − 2

1−𝜑𝜑) ∙ [− А
𝜑𝜑2 − 2

(1−𝜑𝜑)2] +  

+ 𝜇𝜇𝑙𝑙∙(1−𝜑𝜑)3+3(1−𝜑𝜑)2(1+𝜑𝜑)
𝜇𝜇𝑔𝑔∙(1−𝜑𝜑)4 = 2𝜇𝜇𝑙𝑙(2+𝜑𝜑)

𝜇𝜇𝑔𝑔∙(1−𝜑𝜑)4 − 2 [ А
𝜑𝜑2 + 2

(1−𝜑𝜑)2] ∙ (А
𝜑𝜑 − 2

1−𝜑𝜑),    

we obtain the following equation expressing the minimum condition for the resultant second 
work of internal friction forces: 

[ А
𝜑𝜑2 + 2

(1−𝜑𝜑)2] (А
𝜑𝜑 − 2

1−𝜑𝜑) − 𝜇𝜇𝑙𝑙
𝜇𝜇𝑔𝑔

∙ (2+𝜑𝜑)
(1−𝜑𝜑)4 = 0;                                     (32) 

(0 < 𝜑𝜑 < 𝐼𝐼). 
Analysis of the obtained solutions (22) and (32) shows their differences. It confirms the 
advantage of the method of integral relations used in the problem under consideration. The 
method is based on one of the fundamental laws of mechanics. The solutions can also be used 
for the wave flow of a liquid film if the  value 𝜂𝜂 means relative thickness of the liquid layer. 
It is also to introduce the so-called effective viscosity coefficient as a parameter that takes 
into account wave nature of the interface between the gas nucleus and the liquid layer [7,8]. 

2.2 Turbulent flow in the gas nucleus of two-phase flow, laminar flow in the 
annular liquid layer 

The velocity distribution over the cross section for a turbulent flow of a medium in a 
cylindrical channel is expressed by the formula: 

𝑤𝑤𝑔𝑔
𝑤𝑤0𝑔𝑔

= 1 − 𝐴𝐴𝐴𝐴𝐴𝐴ℎ√𝑚𝑚𝐴𝐴−arctg√𝑚𝑚𝐴𝐴
0.805∙lg𝑅𝑅𝑒𝑒𝑔𝑔

,                                        (33) 

where 𝑡𝑡- relative distance from the nucleus axis; 𝑡𝑡 = 𝑅𝑅
𝑅𝑅0−𝛿𝛿 = 𝑅𝑅

𝑅𝑅𝑔𝑔
; 𝐴𝐴𝐴𝐴𝑡𝑡ℎ√𝑚𝑚 − arctg√𝑚𝑚 = 0,805𝑙𝑙𝑙𝑙𝑙𝑙𝑒𝑒𝑔𝑔. 

For 𝑙𝑙𝑒𝑒𝑔𝑔 > 400 the value m is very close to one. 
The choice of this law of velocity distribution is due not only to the fact that it very well 
reflects the experimental data, given the deformation of the velocity profile with a change in 
the Re number, and primarily because the simpler distribution laws (power law and 
logarithmic) used in hydrodynamics have a significant drawback in the fact that the derivative 
on the wall turns to infinity, which limits the possibilities of solving this and other boundary 
problems. 
The stress of turbulent friction in accordance with the Prandtl-Karman theory is expressed 
here by the formula  

𝜏𝜏𝑔𝑔 = 𝑥𝑥2𝜌𝜌𝑔𝑔(𝑙𝑙0 − 𝛿𝛿)2 ∙ (1 − 𝑚𝑚2𝑡𝑡2)2 ∙ (𝑑𝑑𝑤𝑤𝑔𝑔
𝑑𝑑𝑅𝑅 )2. 

Differentiating expression (33) with respect to the variable R, we have  
𝑑𝑑𝑤𝑤𝑔𝑔
𝑑𝑑𝑅𝑅 = 𝑑𝑑𝑤𝑤𝑔𝑔

𝑑𝑑𝐴𝐴 ∙ 𝑑𝑑𝐴𝐴
𝑑𝑑𝑅𝑅 = − 𝑤𝑤0𝑔𝑔𝑚𝑚√𝑚𝑚𝐴𝐴

0,805𝑙𝑙𝑔𝑔𝑅𝑅𝑒𝑒𝑔𝑔∙(1−𝑚𝑚2𝐴𝐴2)∙(𝑅𝑅0−𝛿𝛿).                                    (34) 

Consequently, for the tangential frictional stress in the gas nucleus, we obtain the following 
expression: 

𝜏𝜏 = 𝜌𝜌𝑔𝑔𝑥𝑥2𝑚𝑚3𝑤𝑤0𝑔𝑔2 𝐴𝐴
(0,805𝑙𝑙𝑔𝑔𝑅𝑅𝑒𝑒𝑔𝑔)2.                                                             (35) 

The average flow rate 𝑤𝑤𝑔𝑔 is determined by the following formula: 
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𝑤𝑤𝑔𝑔 =
2𝜋𝜋∫ 𝜌𝜌𝑔𝑔𝑅𝑅𝑤𝑤𝑔𝑔𝑑𝑑𝑅𝑅

𝑅𝑅0−𝛿𝛿
0
𝜋𝜋𝜌𝜌𝑔𝑔(𝑅𝑅0−𝛿𝛿)2

.                                             (36) 

After substituting expression (33) and calculating the integral (36), the relationship between 
the average and maximum flow velocities takes the following form: 

𝑤𝑤𝑔𝑔
𝑤𝑤о𝑔𝑔

= lg𝑅𝑅𝑒𝑒𝑔𝑔−0,83
lg𝑅𝑅𝑒𝑒𝑔𝑔

.                                             (37) 

Consequently, the expression for the tangential frictional stress (35) can be rewritten in the 
following form: 

𝜏𝜏 = 𝑥𝑥2𝜌𝜌𝑔𝑔𝑚𝑚3𝑤𝑤𝑔𝑔2𝑡𝑡
0,8052(lg𝑅𝑅𝑒𝑒𝑔𝑔−0,83)2

= с𝑡𝑡.                                    (38) 

Second work of internal friction forces in the gas nucleus  is expressed by the integral   

Е𝑔𝑔 = 2π0∫ 𝜏𝜏𝑔𝑔𝑅𝑅
𝑑𝑑𝑤𝑤
𝑑𝑑𝑅𝑅 𝑑𝑑𝑅𝑅

𝑅𝑅𝑔𝑔
0 .                                             (39) 

According to formulas  (34) and (37) 

|𝑑𝑑𝑤𝑤𝑔𝑔
𝑑𝑑𝑅𝑅 | =

𝑐𝑐2√𝑚𝑚𝑡𝑡
1−𝑚𝑚2𝑡𝑡2,                                               (40) 

where С2 =
2𝜋𝜋с1с2𝑅𝑅𝑔𝑔2

𝑚𝑚3 ∫ (𝑚𝑚𝑡𝑡)2√𝑚𝑚𝑡𝑡
1−(𝑚𝑚𝑡𝑡)2 𝑑𝑑(𝑚𝑚𝑡𝑡)𝑚𝑚

0 .                                   (41) 

To calculate the integral in expression (41), we introduce the notation √𝑚𝑚𝑡𝑡 = 𝑧𝑧.  

Then 𝑑𝑑(𝑚𝑚𝑡𝑡) = 2𝑧𝑧𝑑𝑑𝑧𝑧. 

The required integral can be rewritten in the following form: 

2∫ 𝑧𝑧6

1−𝑧𝑧 𝑑𝑑𝑧𝑧 = 2∫ ( 𝑧𝑧2

1−𝑧𝑧4
√𝑚𝑚
0

√𝑚𝑚
0 − 𝑧𝑧2)𝑑𝑑𝑧𝑧 = 2∫ ( 1

4(1+𝑧𝑧) +
1

4(1−𝑧𝑧) −
1

2(1+𝑧𝑧2)
√𝑚𝑚
0 − 𝑧𝑧2)𝑑𝑑𝑧𝑧 =

𝐴𝐴𝐴𝐴𝑡𝑡ℎ√𝑚𝑚 − 𝑎𝑎𝐴𝐴𝑎𝑎𝑡𝑡𝑎𝑎√𝑚𝑚 − 2
3 (√𝑚𝑚)3 ≈ 0.805(lg𝑅𝑅𝑒𝑒𝑔𝑔 − 0,83);        (42) 

𝑅𝑅𝑒𝑒𝑔𝑔 > 400. 

Substituting the calculated value of the integral in expression (41), we obtain  

𝐸𝐸𝑔𝑔 = 2𝜋𝜋𝑥𝑥2𝜌𝜌𝑔𝑔𝑤𝑤𝑔𝑔3𝑅𝑅𝑔𝑔
0,8052(lg𝑅𝑅𝑒𝑒𝑔𝑔−0,83)2

.                                    (43) 

The average velocity in the gas nucleus relative to the liquid film is less than the absolute 
average velocity 𝑤𝑤𝑔𝑔(абс)by the value 𝑤𝑤о𝑙𝑙: 

𝑤𝑤𝑔𝑔 = 𝑤𝑤𝑔𝑔(абс) − 𝑤𝑤о𝑙𝑙 . 

According to formulas (13) and (25) 

𝑤𝑤𝑔𝑔(абс) =
𝐺𝐺𝑟𝑟

𝜋𝜋𝜌𝜌𝑔𝑔𝑅𝑅02𝜑𝜑
= 𝐺𝐺𝑥𝑥

𝜋𝜋𝜌𝜌𝑔𝑔𝑅𝑅02𝜑𝜑
;                             (44) 

𝑤𝑤о𝑙𝑙 = 2𝑤𝑤𝑙𝑙 =
2𝐺𝐺𝑙𝑙

𝜋𝜋𝜌𝜌𝑙𝑙𝑅𝑅02(1−𝜑𝜑)
= 2𝐺𝐺𝑙𝑙(1−𝑥𝑥)

𝜋𝜋𝜌𝜌𝑙𝑙𝑅𝑅02(1−𝜑𝜑)
 .                            (45) 

That is why 

𝑤𝑤𝑔𝑔 = 𝐺𝐺(1−𝑥𝑥)
𝜋𝜋∙𝑅𝑅02𝜌𝜌𝑙𝑙

∙ (А𝜑𝜑 −
2

1−𝜑𝜑).                                  (46) 

Substituting the obtained expression of the velocity (46) into the formula (43), we obtain 
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𝑤𝑤𝑔𝑔 =
2𝜋𝜋∫ 𝜌𝜌𝑔𝑔𝑅𝑅𝑤𝑤𝑔𝑔𝑑𝑑𝑅𝑅

𝑅𝑅0−𝛿𝛿
0
𝜋𝜋𝜌𝜌𝑔𝑔(𝑅𝑅0−𝛿𝛿)2

.                                             (36) 

After substituting expression (33) and calculating the integral (36), the relationship between 
the average and maximum flow velocities takes the following form: 

𝑤𝑤𝑔𝑔
𝑤𝑤о𝑔𝑔

= lg𝑅𝑅𝑒𝑒𝑔𝑔−0,83
lg𝑅𝑅𝑒𝑒𝑔𝑔

.                                             (37) 

Consequently, the expression for the tangential frictional stress (35) can be rewritten in the 
following form: 

𝜏𝜏 = 𝑥𝑥2𝜌𝜌𝑔𝑔𝑚𝑚3𝑤𝑤𝑔𝑔2𝑡𝑡
0,8052(lg𝑅𝑅𝑒𝑒𝑔𝑔−0,83)2

= с𝑡𝑡.                                    (38) 

Second work of internal friction forces in the gas nucleus  is expressed by the integral   

Е𝑔𝑔 = 2π0∫ 𝜏𝜏𝑔𝑔𝑅𝑅
𝑑𝑑𝑤𝑤
𝑑𝑑𝑅𝑅 𝑑𝑑𝑅𝑅

𝑅𝑅𝑔𝑔
0 .                                             (39) 

According to formulas  (34) and (37) 

|𝑑𝑑𝑤𝑤𝑔𝑔
𝑑𝑑𝑅𝑅 | =

𝑐𝑐2√𝑚𝑚𝑡𝑡
1−𝑚𝑚2𝑡𝑡2,                                               (40) 

where С2 =
2𝜋𝜋с1с2𝑅𝑅𝑔𝑔2

𝑚𝑚3 ∫ (𝑚𝑚𝑡𝑡)2√𝑚𝑚𝑡𝑡
1−(𝑚𝑚𝑡𝑡)2 𝑑𝑑(𝑚𝑚𝑡𝑡)𝑚𝑚

0 .                                   (41) 

To calculate the integral in expression (41), we introduce the notation √𝑚𝑚𝑡𝑡 = 𝑧𝑧.  

Then 𝑑𝑑(𝑚𝑚𝑡𝑡) = 2𝑧𝑧𝑑𝑑𝑧𝑧. 

The required integral can be rewritten in the following form: 

2∫ 𝑧𝑧6

1−𝑧𝑧 𝑑𝑑𝑧𝑧 = 2∫ ( 𝑧𝑧2

1−𝑧𝑧4
√𝑚𝑚
0

√𝑚𝑚
0 − 𝑧𝑧2)𝑑𝑑𝑧𝑧 = 2∫ ( 1

4(1+𝑧𝑧) +
1

4(1−𝑧𝑧) −
1

2(1+𝑧𝑧2)
√𝑚𝑚
0 − 𝑧𝑧2)𝑑𝑑𝑧𝑧 =

𝐴𝐴𝐴𝐴𝑡𝑡ℎ√𝑚𝑚 − 𝑎𝑎𝐴𝐴𝑎𝑎𝑡𝑡𝑎𝑎√𝑚𝑚 − 2
3 (√𝑚𝑚)3 ≈ 0.805(lg𝑅𝑅𝑒𝑒𝑔𝑔 − 0,83);        (42) 

𝑅𝑅𝑒𝑒𝑔𝑔 > 400. 

Substituting the calculated value of the integral in expression (41), we obtain  

𝐸𝐸𝑔𝑔 = 2𝜋𝜋𝑥𝑥2𝜌𝜌𝑔𝑔𝑤𝑤𝑔𝑔3𝑅𝑅𝑔𝑔
0,8052(lg𝑅𝑅𝑒𝑒𝑔𝑔−0,83)2

.                                    (43) 

The average velocity in the gas nucleus relative to the liquid film is less than the absolute 
average velocity 𝑤𝑤𝑔𝑔(абс)by the value 𝑤𝑤о𝑙𝑙: 

𝑤𝑤𝑔𝑔 = 𝑤𝑤𝑔𝑔(абс) − 𝑤𝑤о𝑙𝑙 . 

According to formulas (13) and (25) 

𝑤𝑤𝑔𝑔(абс) =
𝐺𝐺𝑟𝑟

𝜋𝜋𝜌𝜌𝑔𝑔𝑅𝑅02𝜑𝜑
= 𝐺𝐺𝑥𝑥

𝜋𝜋𝜌𝜌𝑔𝑔𝑅𝑅02𝜑𝜑
;                             (44) 

𝑤𝑤о𝑙𝑙 = 2𝑤𝑤𝑙𝑙 =
2𝐺𝐺𝑙𝑙

𝜋𝜋𝜌𝜌𝑙𝑙𝑅𝑅02(1−𝜑𝜑)
= 2𝐺𝐺𝑙𝑙(1−𝑥𝑥)

𝜋𝜋𝜌𝜌𝑙𝑙𝑅𝑅02(1−𝜑𝜑)
 .                            (45) 

That is why 

𝑤𝑤𝑔𝑔 = 𝐺𝐺(1−𝑥𝑥)
𝜋𝜋∙𝑅𝑅02𝜌𝜌𝑙𝑙

∙ (А𝜑𝜑 −
2

1−𝜑𝜑).                                  (46) 

Substituting the obtained expression of the velocity (46) into the formula (43), we obtain 

𝐸𝐸𝑔𝑔 = 2𝑥𝑥2𝜌𝜌𝑔𝑔𝐺𝐺𝑙𝑙
3√𝜑𝜑

0,8052∙𝜋𝜋2𝑅𝑅0
5𝜌𝜌𝑙𝑙

3(𝑙𝑙g𝑅𝑅𝑒𝑒𝑔𝑔−0,83)2 ∙ (А
𝜑𝜑 − 2

1−𝜑𝜑)3.                   (47) 

According to the formula (28) 

Е𝑙𝑙 = 8𝜇𝜇𝑙𝑙𝐺𝐺2𝑙𝑙(1+𝜑𝜑)
𝜋𝜋𝜌𝜌𝑙𝑙

2𝑅𝑅0
4(1−𝜑𝜑)3..                                            (48) 

Thus, the resulting dissipative characteristic of the gas-liquid flow for the studied case will 
be  

Е𝑙𝑙 = 8𝜇𝜇𝑙𝑙𝐺𝐺2(1−𝜒𝜒)2

𝜋𝜋𝜌𝜌𝑙𝑙
2𝑅𝑅0

4 ∙ [ 𝐶𝐶3√𝜑𝜑
(𝑙𝑙𝑔𝑔𝑅𝑅𝑒𝑒𝑔𝑔−0,83)2 ∙ (𝐴𝐴

𝜑𝜑 − 2
1−𝜑𝜑)3 + 1+𝜑𝜑

(1−𝜑𝜑)3],                            (49) 

where С3 = 0,386∙𝑥𝑥2𝜌𝜌𝑔𝑔𝐺𝐺(1−𝜒𝜒)
𝜋𝜋𝜌𝜌𝑙𝑙𝜇𝜇𝑙𝑙𝑅𝑅0

. 

3 Results  

From the minimum condition of this function (𝜕𝜕𝐸𝐸
𝜕𝜕𝜑𝜑 = 0), we obtain the following analytical 

relationship between the mass flow (𝑥𝑥) and the true volumetric  (φ) gas content and the two-
phase flow or the corresponding phase slip coefficient  

(𝐴𝐴
𝜑𝜑 − 2

1−𝜑𝜑) {𝐵𝐵+0,87
2√𝜑𝜑𝐵𝐵 − 3√𝜑𝜑 [ 𝐴𝐴

𝜑𝜑2 − 2
(1−𝜑𝜑)2]} + 𝜌𝜌𝑙𝑙𝐵𝐵2(2+𝜑𝜑)

𝜌𝜌𝑔𝑔𝑅𝑅𝑒𝑒𝑙𝑙𝑔𝑔(1−𝑥𝑥)(1−𝜑𝜑)4 = 0;           (50) 

0 < 𝜑𝜑 < 1;    0 < 𝑥𝑥 < 1;. 
In this case 

𝐵𝐵 = lg (𝑅𝑅𝑒𝑒𝑔𝑔(0)𝑥𝑥
√𝜑𝜑 ) − 0,83, 

𝑅𝑅𝑅𝑅пг = (𝜌𝜌𝜌𝜌)∙𝑑𝑑0
𝜇𝜇𝑔𝑔

− the reduced Reynolds number for the gas; 𝑅𝑅𝑅𝑅𝑙𝑙𝑔𝑔 = (𝜌𝜌𝜌𝜌)∙𝑑𝑑0
𝜇𝜇𝑙𝑙

 − the reduced Reynolds 

number for the liquid phase; 𝑑𝑑0 − inner diameter of the pipe, m; (𝜌𝜌𝜌𝜌) – mass rate of gas-liquid flow, 
kg/m2·s. 

4 Discussion 
The calculated values of φ according to the formula (50), found from the condition of a 
minimum of the dissipative characteristic of the two-phase "E" flow, are in good agreement 
with the experimental data of various authors [9-15] and are very close to the values 
calculated of the known dependences for the steam-water flow of Z.L. Miropol'skiy. It 
confirms the reliability of the physical model underlying the proposed theoretical solution 
and points to a new approach to this problem different from the traditional one. 
A comparative analysis of the experimental data according to  φ in heated and unheated flows 
showed that in the range 𝑥𝑥 > 0,1 the thermal flow practically does not affect the value of the 
true volumetric vapor content. 
Equation (50) is somewhat cumbersome for engineering calculations. However, when using 
a computer, the establishment between the values of φ and 𝑥𝑥 for different values of other 
parameters of the gas-liquid flow is not difficult. 
The performed mathematical analysis showed a very small effect of the logarithmic functions 
entering into the equation (50). It  is explained by the fact that the coefficient (lg𝑅𝑅𝑅𝑅𝑔𝑔 − 0,83)2 
entering the initial formula (49), which reflects the deformation of the velocity profile in the 
gas nucleus, changes insignificantly in the turbulent flow. 
If, when differentiating function (49), the indicated coefficient is considered to be 
independent of φ, then we have   
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𝜕𝜕
𝜕𝜕𝜕𝜕 [𝑐𝑐 ∙ √𝜑𝜑 (𝐴𝐴

𝜕𝜕 − 2
1−𝜕𝜕)

3
+ 1+𝜕𝜕

(1−𝜕𝜕)3] = 0.                                           (51) 
Or 

2
2√𝜕𝜕 (𝐴𝐴

𝜕𝜕 − 2
1−𝜕𝜕)

2
[𝐴𝐴

𝜕𝜕 − 2
1−𝜕𝜕 − 6𝜑𝜑( 𝐴𝐴

𝜕𝜕2 − 2
(1−𝜕𝜕)2) ± 2(2+𝜕𝜕)

(1−𝜕𝜕)4] = 0;              (52) 

0 < 𝜑𝜑 < 1. 

5 Conclusion 
Ffter simple transformations we obtain the following equation: 

С[А(1 − 𝜑𝜑) − 2𝜑𝜑]2[5А(1 − 𝜑𝜑)2 + 2𝜑𝜑(1 + 𝜑𝜑)] − 4𝜑𝜑3√𝜑𝜑(2 + 𝜑𝜑) = 0.     (53) 

In this case 

С = 0,193ℵ2𝜌𝜌𝑔𝑔𝑅𝑅𝑅𝑅𝑙𝑙𝑔𝑔(1−𝑥𝑥)
𝜋𝜋𝜌𝜌𝑙𝑙(𝑙𝑙𝑙𝑙𝑅𝑅𝑅𝑅𝑔𝑔−0,83) .                                                                  (54) 

The disadvantage of equations (32), (50) and (53) is that they express the dependence in 
implicit form. 

𝜑𝜑 = 𝑓𝑓(𝑥𝑥, 𝜌𝜌𝑙𝑙 𝜌𝜌𝑙𝑙,⁄ 𝜇𝜇𝑙𝑙
𝜇𝜇𝑙𝑙, 𝜌𝜌𝜌𝜌) ⁄ . 

For engineering calculations, these equations can be substantially simplified. Since the 
velocity at the boundary between the gas and liquid phases for the values 𝑥𝑥 > 0,1  is much 
less than the absolute velocity of the gas phase, then with sufficient accuracy for practical 
calculations it can be assumed that  

𝜌𝜌0𝑙𝑙 = 𝑘𝑘1𝜌𝜌𝑙𝑙̅̅̅̅ ,                                                         (55) 

where 𝑘𝑘1- averaged coefficient of proportionality. 

𝜌𝜌0𝑙𝑙 = 𝑘𝑘1∙𝐺𝐺∙𝑥𝑥
𝜕𝜕 𝜌𝜌𝑔𝑔

= 𝑘𝑘1(𝜌𝜌𝜌𝜌)𝑥𝑥
𝜕𝜕𝜌𝜌𝑔𝑔

.                             (56) 

Therefore, the expression for the dissipation energy (31) for a two-phase flow can be 
written in the following form: 

𝐸𝐸 = 8𝜋𝜋𝜇𝜇𝑔𝑔(𝜌𝜌𝜌𝜌)2(1−𝑥𝑥)2

𝜌𝜌𝑙𝑙
2 [𝑘𝑘2𝐴𝐴2

𝜕𝜕2 + 𝜇𝜇𝑙𝑙(1+𝜕𝜕)
𝜇𝜇𝑔𝑔(1−𝜕𝜕)3].                                       (57) 

From the condition for the minimum of this function (with respect to the variable φ), we 
obtain the following expression: 

(2+𝜕𝜕)𝜕𝜕3

(1−𝜕𝜕)4 = 𝑘𝑘2𝐴𝐴𝜇𝜇𝑔𝑔
𝜇𝜇𝑙𝑙

.                                                    (58) 

The left  side of equation (58) is well approximated by expression 
7,1 ∙ ( 𝜕𝜕

1−𝜕𝜕)3,6. 
Therefore, we can write 

𝜕𝜕
1−𝜕𝜕 = (𝑘𝑘2𝐴𝐴𝜇𝜇𝑔𝑔

7,1𝜇𝜇𝑙𝑙
)0,278.                                                (59) 

Then 𝜑𝜑 = 1
1+𝑘𝑘∙( 𝜇𝜇𝑙𝑙

𝐴𝐴2𝜇𝜇𝑔𝑔
)0,278,                                             (60) 

where А = 𝑥𝑥
1−𝑥𝑥 ∙ 𝜌𝜌𝑙𝑙

𝜌𝜌𝑔𝑔
. 

By choosing the appropriate value of the coefficient k, we can take into account not only the 
character of the velocity distribution over the cross section, but also the change in the 
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𝜕𝜕
𝜕𝜕𝜕𝜕 [𝑐𝑐 ∙ √𝜑𝜑 (𝐴𝐴

𝜕𝜕 − 2
1−𝜕𝜕)

3
+ 1+𝜕𝜕

(1−𝜕𝜕)3] = 0.                                           (51) 
Or 

2
2√𝜕𝜕 (𝐴𝐴

𝜕𝜕 − 2
1−𝜕𝜕)

2
[𝐴𝐴

𝜕𝜕 − 2
1−𝜕𝜕 − 6𝜑𝜑( 𝐴𝐴

𝜕𝜕2 − 2
(1−𝜕𝜕)2) ± 2(2+𝜕𝜕)

(1−𝜕𝜕)4] = 0;              (52) 

0 < 𝜑𝜑 < 1. 

5 Conclusion 
Ffter simple transformations we obtain the following equation: 

С[А(1 − 𝜑𝜑) − 2𝜑𝜑]2[5А(1 − 𝜑𝜑)2 + 2𝜑𝜑(1 + 𝜑𝜑)] − 4𝜑𝜑3√𝜑𝜑(2 + 𝜑𝜑) = 0.     (53) 

In this case 

С = 0,193ℵ2𝜌𝜌𝑔𝑔𝑅𝑅𝑅𝑅𝑙𝑙𝑔𝑔(1−𝑥𝑥)
𝜋𝜋𝜌𝜌𝑙𝑙(𝑙𝑙𝑙𝑙𝑅𝑅𝑅𝑅𝑔𝑔−0,83) .                                                                  (54) 

The disadvantage of equations (32), (50) and (53) is that they express the dependence in 
implicit form. 

𝜑𝜑 = 𝑓𝑓(𝑥𝑥, 𝜌𝜌𝑙𝑙 𝜌𝜌𝑙𝑙,⁄ 𝜇𝜇𝑙𝑙
𝜇𝜇𝑙𝑙, 𝜌𝜌𝜌𝜌) ⁄ . 

For engineering calculations, these equations can be substantially simplified. Since the 
velocity at the boundary between the gas and liquid phases for the values 𝑥𝑥 > 0,1  is much 
less than the absolute velocity of the gas phase, then with sufficient accuracy for practical 
calculations it can be assumed that  

𝜌𝜌0𝑙𝑙 = 𝑘𝑘1𝜌𝜌𝑙𝑙̅̅̅̅ ,                                                         (55) 

where 𝑘𝑘1- averaged coefficient of proportionality. 

𝜌𝜌0𝑙𝑙 = 𝑘𝑘1∙𝐺𝐺∙𝑥𝑥
𝜕𝜕 𝜌𝜌𝑔𝑔

= 𝑘𝑘1(𝜌𝜌𝜌𝜌)𝑥𝑥
𝜕𝜕𝜌𝜌𝑔𝑔

.                             (56) 

Therefore, the expression for the dissipation energy (31) for a two-phase flow can be 
written in the following form: 

𝐸𝐸 = 8𝜋𝜋𝜇𝜇𝑔𝑔(𝜌𝜌𝜌𝜌)2(1−𝑥𝑥)2

𝜌𝜌𝑙𝑙
2 [𝑘𝑘2𝐴𝐴2

𝜕𝜕2 + 𝜇𝜇𝑙𝑙(1+𝜕𝜕)
𝜇𝜇𝑔𝑔(1−𝜕𝜕)3].                                       (57) 

From the condition for the minimum of this function (with respect to the variable φ), we 
obtain the following expression: 

(2+𝜕𝜕)𝜕𝜕3

(1−𝜕𝜕)4 = 𝑘𝑘2𝐴𝐴𝜇𝜇𝑔𝑔
𝜇𝜇𝑙𝑙

.                                                    (58) 

The left  side of equation (58) is well approximated by expression 
7,1 ∙ ( 𝜕𝜕

1−𝜕𝜕)3,6. 
Therefore, we can write 

𝜕𝜕
1−𝜕𝜕 = (𝑘𝑘2𝐴𝐴𝜇𝜇𝑔𝑔

7,1𝜇𝜇𝑙𝑙
)0,278.                                                (59) 

Then 𝜑𝜑 = 1
1+𝑘𝑘∙( 𝜇𝜇𝑙𝑙

𝐴𝐴2𝜇𝜇𝑔𝑔
)0,278,                                             (60) 

where А = 𝑥𝑥
1−𝑥𝑥 ∙ 𝜌𝜌𝑙𝑙

𝜌𝜌𝑔𝑔
. 

By choosing the appropriate value of the coefficient k, we can take into account not only the 
character of the velocity distribution over the cross section, but also the change in the 

parameters 𝜌𝜌𝑙𝑙 𝜌𝜌𝑔𝑔⁄  and 𝜇𝜇𝑙𝑙 𝜇𝜇𝑔𝑔⁄  in the result of mechanical carryover of liquid particles into the 
gas nucleus, and also "loosening" of the liquid annular layer with intensive vaporization in 
steam generating pipes. 
Equation (60) satisfactorily generalizes the experimental data on the steam-water flow at a 
value of k = 0.5. 
In accordance with formulas (44), (45) and (60), we obtain the following expression for the 
slip coefficient: 

𝑆𝑆 = 𝑘𝑘 [ 𝑥𝑥𝜌𝜌𝑙𝑙
(1−𝑥𝑥)𝜌𝜌𝑔𝑔

]
0,444

(𝜇𝜇𝑙𝑙𝜇𝜇𝑔𝑔)
0,278.                         (61) 

The problem of the distribution of the phases of a gas-liquid flow in plane channels is very 
interesting. The theory considered allows us to investigate this question. 
Since the main purpose of this work was to study the flow of two-phase flows in pipes, we 
give only two formulas obtained for determining the true gas volume content φ and the slip 
coefficient in flat channels 
                                                              𝜑𝜑 = 1

1+𝑘𝑘(1−𝑥𝑥)𝜌𝜌𝑔𝑔
𝑥𝑥𝜌𝜌𝑙𝑙

√
𝜇𝜇𝑙𝑙
𝜇𝜇𝑔𝑔

;                                               (62) 

𝑠𝑠 = 𝑘𝑘√
𝜇𝜇𝑙𝑙
𝜇𝜇𝑔𝑔

; 

𝑘𝑘 = 0,5. 
The advantage of the obtained equations and formulas for determining the true volumetric 
vapor content, in contrast to the known ones, is that they reflect the influence of the viscous 
characteristics of the gas or liquid media and can be used to calculate the vapor-liquid   and 
gas-liquid flows of various components. 
The latter is especially important for the study of many technological processes taking place 
in various apparatuses of the chemical industry, refrigeration and heat power engineering. 
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